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Some random matrices

Wigner Matrix: H is N ×N square matrix,

H : Hij = Hji, EHij = 0, EH2
ij = 1/N

Open question: necessary and sufficient condition for local bulk
universality, i.e, sine kernel law.

I.i.d (rectangle) Matrix: X is M ×N matrix,

EXij = 0, EX2
ij = 1/N

Open question: What is limiting distribution of the eigenvectors
of square i.i.d. random matrix.

In this talk, we focus on real entry case, and assume M ∼ N ,
Hij, Xij ∼ N−1/2
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In this talk, we will also see :

case 1:

Y := H +A

where A is deterministic symmetric matrix and H is a Wigner
random matrix.

case 2:

Y := TX

where T is deterministic matrix and X is i.i.d random matrix.

Here: A and T have rank O(N) and size O(1)
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Universality phenomenon in random matrix theory

The local statistics, i.e, eigenvalues, eigenvectors distribution,
correlation functions, (and other quantities), of many different
random matrix ensembles have the same limits (up to a rescaling,
when N →∞).

For example, for most A, the limiting distribution of the largest
non-outlier eigenvalues of

H +A

is always Tracy-Widom distribution. Based on [Knowles, Y.
2014] and [Schnelli, Lee, 2014]

Comparison methods is one of the main methods for prov-
ing universality phenomenon
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Comparison method

Instead of calculating f(X) directly, we compare

f(X) with f(X̃).

Method 1: moment comparison, i.e., Lindeburg’s exchange method.

Create new matrix ensembles X[γ], γ = 1,2 · · · , O(N2), connect-
ing X and X̃ in the sense that the distributions of the first γ
entries of X[γ] match the distribution of those of X, the other
entries of X[γ] match X̃. Then

Ef(X̃)− Ef(X) =
∑
γ

Ef(X[γ])− Ef(X[γ−1])

E.g.,

Bulk universality of Hermitian Wigner matrices, [Tao, Vu, 2009]

Necessary and sufficient condition of edge universality of Wigner
matrices [Lee, Y, 2012]
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Method 2: Interlacing method,

Xt := tX̃ + (1− t)X

Then

Ef(X̃)− Ef(X) =
∫ 1

0
∂tEf(Xt)dt

E.g.,

CLT of the linear eigenvalue (singular) statistics of H and X

[Lytova, Pastur 2009]

Edge universality of H +A for diagonal A. [Schnelli, Lee, 2014]
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We "combined" these two ideas as follows:

Xij ∼ µ, X̃ij ∼ µ̃

(µ and µ̃ are probability measures) and

Xθ
ij ∼ µ

θ, µθ = θµ̃+ (1− θ)µ

then

Ef(X̃)− Ef(X) =
∫ 1

0
∂θEf(Xθ)dt

We find

∂θEf(Xθ) =
∞∑
k=1

∑
ij

Cθk E
[

(∂ij)
kf
]

(Xθ)

where ∑
k

Cθkt
k =

Mµ(t)−Mµ̃(t)

Mµθ(t)
, Mµ(t) := EµeXt

and Cθk only depends on the "difference" between the first k

moments of µ and µ̃.
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An alternative formula:

∂θEf(Xθ) =
K∑
k=1

∑
ij

Cθk E
[
(∂ij)

kf
]

(Xθ) (1)

+O

∑
ij

∥∥∥(∂ij)K+1f
∥∥∥
∞

(Eµ|X|K+1 + Eµ̃|X|
K+1

)
(2)

9



Proof of CLT:

Let X := (X1, X2, · · · , Xn), X̃ := (X̃1, X̃2, · · · , X̃n), and

Xi ∼ N(0,1) =⇒
∑
i

Xi/
√
n ∼ N(0,1)

We choose

f(X) = g

∑
i

Xi/
√
n

 , f(X̃) = g

∑
i

X̃i/
√
n


where g is one smooth and bounded function. We need to prove

Ef(X̃)− Ef(X) = o(1), n→∞

which is implied by ∂θEf(Xθ) = o(1). With above formula:

∂θEf(Xθ) =
2∑

k=1

∑
i

Cθk E [(∂i)
kf ](Xθ) +O(n‖f(3)‖∞)

= 0 +O(n−1/2)
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Self bounded idea. Suppose we have

Ef(X) 6 ε,

and we want to prove that

Ef(X̃) 6 Cε.

Idea: Find a family of functions fα, such that

sup
α

Efα(X) 6 ε

Recall:

∂θEfα(Xθ) =
K∑
k=1

∑
ij

Cθk E
[
(∂ij)

kfα
]

(Xθ) + error

If we can prove that

sup
α
r.h.s. 6 C sup

α
Efα(Xθ) + Cε

Then we have

sup
α,θ

Efα(Xθ) 6 C′ε =⇒ Ef(X̃) 6 C′ε
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Application on random matrix

For general case

H +A

with this new comparison method, we only need to study

HG +A

where H is symmetric Wigner matrix and WG is GOE.

Furthermore, we know

HG +A = O∗(OHGO∗+OAO∗)O

∼ O∗(HG +D)O

Here A = O∗DO and D is diagonal matrix.
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Main results

Define mT (z), z ∈ C as the solution m−1
T = −z + M

N

∑
i

σi
1+mTσi

where σi is the i− th e.v. of TT ∗.

We say A ≺iso a, if and only if for any fixed L2 normalized vectors
v, w, and (large) D > 0, (small) ε > 0, we have

P (|(w,Av)| > Nεa) 6 N−D

Theorem [Knowles, Yin, 2014] For most T , if Im z > N−1+τ with
τ > 0, then

(XTT ∗X − z)−1 −mT I ≺iso Ψ(z)

and

(T ∗XXT − z)−1 −
−1

z(1 +mT )T ∗T
≺iso Ψ(z)

Here Ψ(z) := (ImmT (z)
Nη )1/2 + (Nη)−1
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Similarly for W +A Define:

mA :=
1

N
Tr(−z −mA +A)−1

and

Ψ(z) := (
ImmA(z)

Nη
)1/2 + (Nη)−1

Theorem [Knowles and Y, 2014]

For most A, if EH3
ij = 0 or Ψ(z) 6 N−1/6, then

(H +A− z)−1 − (−mA +A− z)−1 ≺iso Ψ(z)

for all Im z > N−1+τ with τ > 0.

Note: A = 0 was proved in [Erdos, Knowles, Yau, Y, 2014],
without this technique condition. A = D can be proved with the
same method. Then with comparison we can replace D → A.
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Main results: eigenvalues

Theorem [Knowles and Y, 2014] Edge universality For most A
and T , the limiting distribution of the largest non-outlier eigen-
values of

H +A

and singular values of

TX

are always Tracy-Widom distribution. Diagonal case was proved
in [Schnelli and Lee, 2014]

(Future work: Bulk universality based on [Landon and Yau 2015])

15



Rigidity of eigenvalues:

Theorem [Knowles and Y, 2014]

Eigenvalues is extremely close to their classical locations. One
can define deterministic quantities:

γ1(T ) 6 γ2(T ) 6 · · · 6 γN(T )

which are the classical locations of eigenvalues of TXX∗T ∗. Then

λk − γk ≺ |γk − γk±1|

What can we say about eigenvectors.
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Asymptotically close

We say that {uN}∞N=1 is asymptotic close to {vN}∞N=1, N → ∞
if

1. un ∈ Rdn, vn ∈ Rdn, dn →∞

2. for any sequence of fixed dimensional subspace{
Sn ⊂ Rdn : dim(Sn) = k

}∞
n=1

we have

lim
n
f

(
un
∣∣∣
Sn

)
− f

(
vn
∣∣∣
Sn

)
= 0

for any continuous bounded function f : Rk → R.
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Previous results on eigenvector distribution

Wigner matrix: Let Wn be a n×n Wigner matrix and uk,n be the
normalized k-th eigenvector of Wn. For sequence kn ∈ [[1, n]]

√
nukn,n → vn ∼ N(0, In)

Edge case: kn = o(n), [Knowles, Y, 2010] Green’s function com-
parison method.

[Bourgade, Yau 2014] Moment flow method.

Note: the "limit" is independent of the entry-distribution of Wn.
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I.i.d matrix Xm×n :

Recall: non-zero singular values of X are non-zero eigenvalues
of XX∗ and X∗X.

Non-zero-left-singular vectors of X are eigenvectors of XX∗ whose
eigenvalues are not zero.

Non-zero-right-singular vectors of X are eigenvectors of X∗X
whose eigenvalues are not zero.

Let uk,n be the k-th non-zero-left-singular vector of Xm×n, logm ∼
logn. For sequence kn

√
mukn,n → vn ∼ N(0, Im)

Let uk,n be the k-th non-zero-right-singular vector of Xm×n,
logm ∼ logn.

√
nukn,n → vn ∼ N(0, In)
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Singular vector of anisotropic matrix:

Let Ym×n = TX, where T is m × m̂ deterministic matrix and X

is i.i.d. (m̂× n) random matrix such that EXij = 0. We assume
logm ∼ logn. Let uk,n be the k-th right singular vector of Ym×n.

√
nukn,n → vkn,n ∼ N(0, In)

Let uk,n be the k-th left singular vector of Ym×n.

√
mukn,n → v̂kn,n ∼ N

0,
m/n

γkn,n

∣∣∣∣∣ T

1 +mT (γkn,n)|T |2

∣∣∣∣∣
2


where λkn,n is the singular value w.r.t. ukn,n and γkn,n is its
classical location.

It also holds in the following form:(√
nukn,n,

√
nuln,n

)
→
(
vkn,n,vln,n

)
[Knowles, Y, 2015]
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Similarly for H +A

Let Yn×n = H + A, where A is n × n deterministic symmetric
matrix and H is a Wigner matrix such tha t EH3

ij = 0.

Let uk,n be the k-th eigenvector of Yn×n.

√
nukn,n → vn ∼ N

(
0,

m(γkn,n)−1

m(γkn,n) +A− γkn,n

)

[Knowles, Y, 2015]
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Universality:

For Y = TX, the asymptotic behavior of singular-vectors are
independent of

1. The distribution of entries of X,

2. The right singular vector of T , i.e., only depends on TT ∗.

(Actually it depends on left singular vector in a very trivial way)

For Y = H + A, the asymptotic behavior of eigen-vectors are
independent of

1. The distribution of entries of X,

2. it depends on the eigenvectors of A in a very natural way.
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Local circular law for UX.

It is well known that the spectrum of the e.v.’s of X (square i.i.d.
matrix) satisfying the circular law. (Ginibre, Girko, Bai, Tao, Vu,
Gotze, Tikhomirov)

[Bourgade, Yau, Y, 2011-2012] [Tao, Vu, 2011]Local circular
law for X.

[Xi, Yang, Y, 2015] Local circular law for UX, here U is any fixed
unitary matrix.

More general results about TX will appear in future work.
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Application on random matrix: local anisotropic law

For anisotropic law: We choose

fv(X) := |(v, (G(X)−Π)v)|2p

and A = {v, ei,1 6 i 6M}.

∂

∂θ
Efα(Xθ) 6 C sup

β∈A
Efβ(Xθ) + (small error terms) , (3)

We can bound

sup
v∈A

Efv(XGaussian)

with other methods, since XGaussian is rotation-invariant.
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