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Dan’s Seminar talk
In the Dynamics Seminar at the University of Maryland on
September 11, 2003 Dan Rudolph gave a talk with the
following title and abstract which can still be found at the
web site of this seminar: (
http://dynamics.math.umd.edu/seminar/abstracts03-
04.html)

Generic behavior in positive entropy

Abstract:
” The study of generic behavior of measure preserving
systems has grown quite rich in recent years. The
classical results say a ”generic” action is ergodic, of zero
entropy, weak mixing, not mixing etc. etc. etc. I will go
over what is now known here. My goal though will be to
consider something different. For a context, consider the
shift invariant Borel probability measures on {0,1}Z in the
weak*-topology. For any h strictly between 0 and log2,
consider those measures for which the entropy of the shift
is ≥ h. This is a closed set and one can ask what a
generic action in this set looks like.
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The main result I will sketch is that generically a measure
in this set gives a Bernoulli action of entropy h. That is to
say, there is only one action action in this set up to
conjugacy. I will indicate other facts and why they are
useful.”

A few years ago somebody (I am sorry but I have
forgotten who it was) called this summary to my attention.
As far as I know Dan never published a proof of this
result. Together with Jean-Paul Thouvenot we found a
proof of the theorem and extended it in several directions.
First for the formal setup. Let A = {0,1, · · · ,a− 1} and
Ω = AZ and σ : Ω→ Ω the shift, σ(ω)(n) = ω(n + 1) for all
n.
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ByM we will denote the space of shift invariant
probability measures on Ω. These measures represent all
ergodic measure preserving systems that have entropy
less than log(a). With the weak*-topology that arises from
viewing measures as linear functionals on the continuous
functions on Ω, the spaceM is compact and metric. It is
well known that for a dense Gδ subset ofM the
measures are ergodic and have zero entropy.

As a function on the space of invariant measures the
entropy is upper semi-continuous and therefore for any
0 < c < log(a) , the setMc = {µ ∈M : hµ(σ) ≥ c} is
closed. ThereforeMc itself is a compact space and one
can ask what are the generic properties of an element of
Mc . Not surprisingly, generically the entropy of µ ∈Mc
is equal to c. Dan’s surprising result was that for a dense
Gδ set of elements inMc the resulting system is
isomorphic to a Bernoulli shift. In other words a single
isomorphism class forms a dense Gδ.
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Dan’s Theorem

Theorem
If c < log|A| then there is a dense Gδ subset C ⊂Mc
such that for all µ ∈ C the system (Ω, σ, µ) has entropy
equal to c and is isomorphic to a Bernoulli shift.

The proof that Bernoulli measures with entropy equal to c
are dense inMc can be done in several ways. Here is a
quick sketch of one path using standard methods and
results.
1. Check that mixing measures are dense.
2. Given the degree of approximation required for µ fix a
k -th order Markovian approximation and then apply the
1976 result of C. Grillenberger and U. Krengel to find a
generating partition for a Bernoulli shift with entropy c
whose k marginals agree with those of µ.



On a theorem of
Dan Rudolph

Benjamin Weiss

Dan Rudolph

Main Theorem

Some
generalizations

Dan’s Theorem

Theorem
If c < log|A| then there is a dense Gδ subset C ⊂Mc
such that for all µ ∈ C the system (Ω, σ, µ) has entropy
equal to c and is isomorphic to a Bernoulli shift.

The proof that Bernoulli measures with entropy equal to c
are dense inMc can be done in several ways. Here is a
quick sketch of one path using standard methods and
results.
1. Check that mixing measures are dense.
2. Given the degree of approximation required for µ fix a
k -th order Markovian approximation and then apply the
1976 result of C. Grillenberger and U. Krengel to find a
generating partition for a Bernoulli shift with entropy c
whose k marginals agree with those of µ.



On a theorem of
Dan Rudolph

Benjamin Weiss

Dan Rudolph

Main Theorem

Some
generalizations

The Gδ property

The main difficulty in the proof is to show that the
measures that are isomorphic to a Bernoulli shift form a
Gδ. We use the well-known property VWB (very weak
Bernoulli) which is equivalent to being Bernoulli. I recall
the definition.
Definition:
A measure µ on Ω has the VWB property if given ε > 0
there exists an N and a set E of past observations
ω− = {ω(i)}i<0 such that:

µ(E) > 1− ε

and
d̄N(dist{ωN

0 |ω−}, dist{ωN
0 }) < ε
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The topology on the shift invariant measures involves the
measures of finite cylinders and so the first problem is to
finitize the above definition. This is easy to do using the
martingale convergence theorem which enables one to
replace the set E of infinite pasts by sets Ek of sections
ω−1
−k . However this introduces a universal quantifier - ”for

all k ”, preceded by the existential quantifier ”for some N ”
and we will not get a Gδ. The key idea is to use the fact
that we know that the entropy equals c to replace ”for all
k ” by a fixed k0.

This is possible because of the following fact concerning
the entropy of stationary processes. To formulate it I will
switch to the notation of stationary processes {Xn}, these
are the coordinate functions of the shift space Ω which is
now viewed as the sample space of the random variables
Xn.
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Independence between random variables Y ,Z can be
expressed using entropy by the equality H(Y ) = H(Y |Z ).
There is an approximate notion of independence, called
ε-independence, and given ε and the number of values
that Y can take there is a δ such that H(Y ) < H(Y |Z ) + δ
implies that Y is ε-independent of Z . In addition there is a
conditional version of this, namely if W is a third random
variable then H(Y |W ) < H(Y |Z ,W ) + δ implies that
conditioned on W we have that Y is ε-independent of Z .

The entropy of the process is given by H(X0|X−1
−∞) = c. In

addition we have also H(X N
0 |X

−1
−∞) = (N + 1)c. For any

δ > 0 if k0 is large enough we have
H(X N

0 |X
−1
−k0

) < (N + 1)c + δ. Setting Y = X N
0 , W = X−1

−k0

and for any k > k0 Z = X−k+1
−k we can use these facts to

replace a condition depending on all k to a single k0.
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Relatively Bernoulli

Definition
If π : (X ,B, µ,T )→ (Y , C, ν,S) is a mapping between
measure preserving transformations the extension is
called relatively Bernoulli if (X ,B, µ,T ) is isomorphic to
the direct product of (Y , C, ν,S) with a Bernoulli shift.

If we fix the base (Y , C, ν,S) and take X = Y × Ω , with
T = S × σ and π the projection onto the first coordinate
then one can study the generic properties of T -invariant
measures on X that map to ν. If we restrict to those
whose relative entropy with respect to the factor Y is at
least equal to c then we find that generically the system is
relatively Bernoulli.
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Since these relative notions are perhaps not so well
known I recall that when the entropy of S is finite, which
we will assume for simplicity, the relative entropy is simply
h(T )− h(S). In analogy with Dan’s result we defineM to
be the T invariant measures µ on X with π ∗ µ = ν and
Mc = {µ ∈M : hµ(T )− h(S) ≥ c}.

Theorem
If c < log|A| then there is a dense Gδ subset C ⊂Mc
such that for all µ ∈ C the system (X ,T , µ) has relative
entropy equal to c and is relatively Bernoulli with respect
to the factor system (Y , C, ν,S).
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Amenable groups

The analogue of Dan’s result holds also for countable
amenable groups. The space Ω is now AG and the right
shift action σ by G is defined now by the formula
σg(ω)(h) = ω(hg). We define againM to be the shift
invariant measures on Ω and for 0 < c < log(a)
Mc = {µ ∈M : hµ(σ) ≥ c}. The result is that for a
generic set of measures µ inMc the system is
isomorphic to a Bernoulli shift with entropy equal to c.

I don’t know how to carry out the proof of this result
directly. Instead we use a trick that goes back to my work
with Dan when we proved that completely positive
entropy actions of amenable groups are uniformly mixing.
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Let (Y , C, ν,Sg) be an ergodic free measure preserving
action of G. For example, one can take a Bernoulli shift
on {0,1} with distribution (1/2,1/2). Now we form the
product space X = Y × Ω and the product action,
denoted by T . By a theorem that I proved with Don
Ornstein, we can find a single transformation R : Y → Y
that is in the full group of Sg and has the same orbits as
Sg . This means that there is a measurable function
φ : Y → G such that if we define R(y) = Sφ(y)(y) then R
preserves ν, is invertible, and the R orbit of ν-a.e. point
y ∈ Y coincides with its Sg orbit.

For Ω = AG we define X = Y × Ω and define T : X → X
by the formula

T (y , ω) = (S(y), σφ(y)(ω)).
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While it doesn’t look like it we are now in the situation of
the relative z actions. In my work with Dan we showed
that the relative entropy and the property of being
relatively Bernoulli depend only on the cocycle defining
the extension as a function on the orbit equivalence
relation and not on the specific base action. We use
these results to establish the amenable group analogue I
formulated above.
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