
Computational Complexity of describing the
asymptotic behavior of real quadratic maps
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A panorama of dynamical behavior

The quadratic family fa : [0, 1]→ [0, 1] of maps of the form

fa(x) = ax(1− x); a ∈ (0, 4]

is known as the simplest family exhibiting complex behavior and chaos.

Here we see, for each parameter, a Monte Carlo simulation of the
system,

i.e., an average of the last hundred iterates of a VERY LARGE
random orbit.



Typical asymptotic behavior

• Topological: A set A is called an attractor if it is the limit set of
a.e. initial condition.

• Statistical: A measure µ is a physical measure if for a.e. initial
condition

νn(x) =
1

n

n∑
m=1

δf ◦m(x)−→µ

in the weak sense.



Classification for real quadratic maps

As a consequence of several important works:

Theorem
• For every parameter a ∈ (0, 4], the map fa has a unique attractor
Aa.

• For a.e. parameter a ∈ (0, 4], the map fa has a unique physical
measure µa.

How hard is to rigorously compute these objects?



Computable sets
Idea (in the plane)

Let K be a closed set. We would like to:

• Given precision ε (the resolution or pixel size),

• know if pixel p has to be colored or not.

pixel p is represented by the rational ball B(p, ε). So we have to decide
whether or not B(p, ε) intersects K .



Computable sets
Definition

Definition
K is computable if there is an algorithm A which, given a rational ball
B(p, ε) as input, halts and outputs:

• 1 if B(p, ε) intersects K (color)

• 0 if B(p, 2ε) does not intersect K (do not color)

• 0 or 1 otherwise (color or not, doesn’t matter)

Common self similar sets are computable.



Computational complexity of sets

Let A be an algorithm computing, say, a set K .

• The running time of A is the function

TA(ε) = # steps A needs to decide the hardest pixel at resolution ε.

• A set K is considered computationally tractable if its complexity is
polynomial in − log(ε).



Computable measures

• A measure µ is computable if there is a Turing Machine M s.t.

|M([p, q]; n)− µ([p, q])| < 2−n,

for all p < q ∈ Q ∩ [0, 1] and n ∈ N.

• Lebesgue measure is computable (computable density);

• The physical measure of the Ulam-Von Neumann map f4 is
computable (by the Monte Carlo algorithm)



Describing attractors may be hard

Consider the logistic family:

fa(x) = ax(1− x), a ∈ (0, 4]

Theorem [R., Yampolsky – 2019]

• For every parameter a ∈ (0, 4], the attractor is always computable
from the parameter a.

• Moreover, for almost every parameter a, the attractor is even
poly-time computable.

• However, there exists parameters for which the attractors may have
arbitrarily high computational complexity



Describing physical measures may be
impossible

Consider the logistic family:

fa(x) = ax(1− x), a ∈ (0, 4]

Theorem [R., Yampolsky – 2020]
There exists an uncountable set of values of a for which:

• there exists a unique physical measure µa;

• the measure µa is not computable relative to a.

(In particular, the Monte Carlo method may fail for truly simple maps).



Main ideas

• strong sensitivity to the parameter of the typical behavior;

• Machines must commit to an answer in finite time;

• with a good control of the sensitivity, one can macroscopically
modify the asymptotic behavior of fa by changing the parameter a
only microscopically;

• this trick can be used to run a diagonal argument against all
machines trying to compute the asymptotic behavior;

• parameter-sensitivity is stronger for physical measures than for
attractors.



Some further questions

How prevalent can computational intractability be?

• could non computability be generic for polynomials in higher
dimensions?

• could high complexity be more typical? – could it happen with
positive probability?



THANKS !


