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Symbolic dynamics

» The full-shift AZ consists of two-sided infinite words

X = ... X_2X_1.X0X1X2 ...

» Substitutions 7: A* — B* are assumed to be non-erasing, i.e.,
7(a) # e forall a € A

> Set £(X) = {words occurring in any of point X} and, for n > 0,
L(X)=L(X)N A"

» We consider only minimal subshifts, i.e., those for which

orbits(x) = {S"x : n € Z} is dense in X, ¥x € X.
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Symbolic dynamics

» The complexity function of X is defined as px(n) = #L,(X).

> |ts growth is a conjugacy invariant, and one of the simplest and
most useful tools to study subshifts.
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Symbolic dynamics

» The complexity function of X is defined as px(n) = #L,(X).

> |ts growth is a conjugacy invariant, and one of the simplest and
most useful tools to study subshifts.

» The Rauzy graph G,(X) of X, n > 1, is the directed, labeled graph

with vertex set £,(X) and edges au 2B b, where aub € Lar1(X),
a,be A and uec A"
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Symbolic dynamics

» Extension graphs provide a local view of the evolution of Rauzy
graphs.

» Consider two copies A; and Ag of the alphabet A.

e 3

Definition. The extension graph I'x(u) of u € L£(X) is the triple
(Lx(v), Rx(u), Ex(u))
representing a (undirected and unlabeled) bipartite graph given by
Ex(u) = {(aL, br) : aub € L(X)},

Lx(u) ={ay : au € L(X)}, and Rx(u) = {br : ub € L(X)}.

\ J
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Symbolic dynamics
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Extension graphs

-

Prop. (Tijdeman '99, Andrieu-Cassaigne '22) Let X C A” be a subshift
and p be one of its ergodic measures. Assume that the vector

f=(ua]) :aec A) eRA

has rationally independent coordinates. Then:
> px(n) > (#A—1)n+1forall n>0.

> If the previous bound is an equality for all n > 0, then all the
graphs I'x(u) are trees.
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Extension graphs

e N\

Prop. Let Z be a compact, metrizable and connected space, and let
T:Z — Z be a bijection. Consider a cover P = (P, : a € A) of Z
such that, for all a € A,

» P, is closed, connected, and has non-empty interior.
> int(P, N Py) =0 for all b # a.
> T|int(pa) has a unique continuous extension to P,.

Then, in the symbolic coding
X={xcAl:3z€ZVNneZ T"zc P, } C AZ,

every extension graph ['x(u) is connected.

> Ex. Arnoux-Rauzy substitutive subshifts, hypercubic billiard words,
and interval exchange transformations (IETs).
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Dendric subshifts

Let X C A% be a subshift. We say that X
> has a connected language if I'x(u) is connected for all u € L(X).

> is dendric if Tx(u) is a tree for all u € L(X).

» is eventually dendric if I'x(u) is a tree for all but finitely many
u € L(X).

s \

Prop. (Balkova et al. '08) Let X C A% be a subshift with a connected
language. Then:

> px(n) > (#A—1)n+1 for all n > 0.
> X is dendric iff px(n) = (#A —1)n+1 for all n > 0.
> X is eventually dendric iff (px(n)/n: n > 0) is bounded.
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Dendric subshifts

Def. A return word to W C £,(X) is a word x;xj11...X;_1, where
x € X and i,j mark consecutive occurrences of words from W.

W = {ab, bc}

rz=...aabaccabaccbcaabaccbcaabaccbec...
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Dendric subshifts

Def. A return word to W C £,(X) is a word x;xj11...X;_1, where
x € X and i,j mark consecutive occurrences of words from W.

W = {ab,bc}

a::...a|abacc|abacclbca|abacclbca'abacclbc...
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Dendric subshifts

r

N

Def. A return word to W C L£,(X) is a word xjxj1...xj_1, where
x € X and i, j mark consecutive occurrences of words from W.

> The coding substitution 7 : A}, — A* maps Ay bijectively onto
{XiXi41 .. Xj4n—1: X, i, j as above}.

> The coding subshift Xy, = {y € A}, : Tw(y) € X}.

L

W = {ab, bc}

Aab Abc Bab Abc Bab Abc
—— At

w:...alabacclabacclbca|abacc|bca|abacc|bc...
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Dendric subshifts

N

r

Def. A return word to W C L£,(X) is a word xjxj1...xj_1, where
x € X and i, j mark consecutive occurrences of words from W.

> The coding substitution 7 : A}, — A* maps Ay bijectively onto
{XiXi41 .. Xj4n—1: X, i, j as above}.

> The coding subshift Xy, = {y € A}, : Tw(y) € X}.

\

W = {ab, bc}

y=... Aab Ab ab Abc Bab Abc
— A S A 5
x=...alabacclabacclbca|abacc|bca|abacc|bc...

A abacc
Ay, = abacc
By bca

™
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Dendric subshifts

» We consider A* to be a subset of F 4, the free group over A.

» Any substitution 7: A* — B* extends to a map
T Fq— Fp

between the corresponding free groups.
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Dendric subshifts

» We consider A* to be a subset of F 4, the free group over A.
» Any substitution 7: A* — B* extends to a map
T Fq— Fp

between the corresponding free groups.

-

Thm. (Berthé et al. '15, Gheeraert et al. '24)
A subshift X C AZ is dendric iff, for all w € £(X), the extension

7';W: IF_AW%IFA

of the coding substitution 7, to F 4 is an isomorphism.

\

Obs. 7,, is an isomorphism iff it is onto and #.A4,, = #A.
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Dendric subshifts

» We consider A* to be a subset of F 4, the free group over A.
» Any substitution 7: A* — B* extends to a map
T Fq— Fp

between the corresponding free groups.

-

Thm. (Berthé et al. '15, Gheeraert et al. '24)
A subshift X C AZ is dendric iff, for all w € £(X), the extension

7';W: IF_AW%IF_A

of the coding substitution 7, to F 4 is an isomorphism.

\

Obs. 7,, is an isomorphism iff it is onto and #.A4,, = #A.
» The connectedness of £(X) implies that 7, is onto.

» The word-complexity constrains #.A,,.
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Dendric subshifts

» Any eventually dendric subshift is Kakutani equivalent to a dendric
subshift (Gheeraert et al. '15).

» Dendricity is preserved under maximal bifix-decoding (Berthé et al.).
Eventual dendricity is preserved by k-to-one extensions (E-Leroy).

» Description of the dimension group (Cecchi et al. '19).

» In an eventually dendric subshift, there are at most #.4/2 different
ergodic measures (Damron & Fickenscher '20).

> Ev. dendricity is preserved by dynamical conjugacy (Dolce & Perrin '21).

10/28



Dendric subshifts

» Any eventually dendric subshift is Kakutani equivalent to a dendric
subshift (Gheeraert et al. '15).

» Dendricity is preserved under maximal bifix-decoding (Berthé et al.).
Eventual dendricity is preserved by k-to-one extensions (E-Leroy).

» Description of the dimension group (Cecchi et al. '19).

» In an eventually dendric subshift, there are at most #.4/2 different
ergodic measures (Damron & Fickenscher '20).

> Ev. dendricity is preserved by dynamical conjugacy (Dolce & Perrin '21).

Dendric subshifts generalize Sturmian subshifts, Arnoux-Rauzy subshifts
and IETs, while maintaining core properties.

Our work: Continue exploring the dynamical properties of dendric
subshifts.
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Preservation by dynamical morphisms

A continuous map 7: X — Y between subshifts is called a factor map if
7(Sx) = Sn(x) for all x € X.

If moreover = is bijective, then 7 is a conjugation.

Thm. (Dolce & Perrin '21) Any minimal subshift that is conjugate to an
eventually dendric subshift is itself eventually dendric.

> As with SFTs and finite top. rank systems, the question about
factors is more difficult (and, probably, rewarding).

Question A. lIs every subshift factor of an eventually dendric subshift
also an eventually dendric subshift?
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Preservation by dynamical morphisms

Thm. (Dolce & Perrin '21) Any minimal subshift that is conjugate to an
eventually dendric subshift is itself eventually dendric.

» As with SFTs and finite top. rank systems, the question about
factors is more difficult (and, probably, rewarding).

Question A. lIs every subshift factor of an eventually dendric subshift
also an eventually dendric subshift? Yes!

\ J

Theorem A. (E-Leroy) Every subshift factor of a subshift with an
eventually connected language has the same property.

\ J

Cor. Since linear complexity is inherited by factors, Question A has an
affirmative answer.
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Dynamical factors

Let us recall:

r

L

Thm. (Berthé et al. '15, Gheeraert et al. '24)
A subshift X C A” is dendric iff, for all w € £(X), the extension

f}vi H?,4W — H?,4

of the coding substitution 7, to F 4 is an isomorphism.

12/28



Dynamical factors

Let us recall:

r

\

Thm. (Berthé et al. '15, Gheeraert et al. '24)
A subshift X C AZ is dendric iff, for all w € £(X), the extension

fﬂv: H?¢4W — H?,4

of the coding substitution 7, to F 4 is an isomorphism.

-

\

Thm. (E-Leroy) A subshift X C AZ has a connected language iff, for
all e £(X) and v’ € L(X,), the extension

Tu:Fa, = Fa,

of the coding substitution 7,/ to IF 4 , is onto.

N

Obs. The theorem fails if only the surjectivity of 7, is considered.
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Dynamical factors

Let us recall:

Thm. (Berthé et al. '15, Gheeraert et al. '24)
A subshift X C A” is dendric iff, for all w € L£(X), the extension

7A'W: IFAW —>FA

of the coding substitution 7, to F 4 is an isomorphism.

\ J

e 3\

Thm. (E-Leroy) A subshift X C AZ has a connected language iff, for
all e £(X) and v’ € L(X,), the extension

7A'u’: FAU, —>IF.Au

of the coding substitution 7, to F 4, is onto.

\ J

Obs. 7,/ is onto iff it is a composition of elementary and letter-to-letter
substitutions.
In general, 7, onto for some u’ € L(X,)\ {€} implies I x(u) connected.
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Sketch of the proof

Fix a factor map X I Y between subshifts, where X is ev. connected.

e D'

Prop. (E.-Leroy) Let v € L(Y) and v/ € L(Y,).

Then, there exist WCL,(X), W CL,(Xw), and letter-to-letter sub-
stitutions p and p’ s.t. the following diagram commute:

/
P
w2 B,

Tw,i ln,

* P *
AW Bv

Twl ln

A B*
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Sketch of the proof
Fix a factor map X Y between subshifts, where X is ev. connected.
™
X —Y
m(2)i = ¢(T(iivr)) v € L(y)
A B B A

V| V| V| V| V| Y
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Sketch of the proof

Fix a factor map X 5 Y between subshifts,

where X is ev. connected.

X5y

()i = O(Zii4r]) v € L(y)

A B B A

1 1 51 1 51,
AN AN VAN
w1 1 1 [wl @]

W ={we A" ¢(w) = v}
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Sketch of the proof
Fix a factor map X Y between subshifts, where X is ev. connected.
x5y
m(x); = A(T i i4r]) v e L(y)
A By B~ A~

v|\v| v | \V|\V| y
R R R TR T FR
: Al: B/: B//:A//: T
X . . . X x
lwl] [w] |w'[ [w]| [w]

W ={we A" ¢(w) = v}
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Sketch of the proof

Fix a factor map X I Y between subshifts, where X is ev. connected.

e '

Prop. (E-Leroy) Let v € L(Y) and v/ € L(Y,).

Then, there exist WCL,(X), W CL,(Xw), and letter-to-letter sub-
stitutions p and p’ s.t. the following diagram commute:

’

LN Fa, —— Fs,
N
Ay, —L B = Fa, — Fg,
N
A* B* F4 Fs

» Goal: show that 7y, extends to an onto substitution between the
corresponding free groups.
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Sketch of the proof

Al
p
Fa,, — Fs,

| |

F4 Fs

Lemma. (E-Leroy) If v is long enough, then:

> [x, (u) is connected for all u e L(Xw) \ {€}.

» {ar : aw € W} intersects every connected component of Ix,, (€).
These two things imply that 7y is onto.

> Therefore, p o Ty is onto;
> thus p’ is onto;
> so Iy(v) is connected.
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S-adic formalism

.10 0010010 O...
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S-adic formalism

6’1 :1—10
0—0

.10 0010010 O...
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S-adic formalism

61:1 =10
00
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S-adic formalism

671 :1—10
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S-adic formalism
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S-adic formalism
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S-adic formalism
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S-adic formalism
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S-adic formalism

6;:1—10
0—-0
6p:0— 01
1-1
9 @ / /\ \
1@ N | /\ 1/\0
YATAS

|
10 0010010 0...
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S-adic formalism

6,:1—10
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S-adic formalism

1:1—10
10 0—0
90 / /\ 90 — 01
8, @1 0 1 ~
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.10 0010010 O...
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S-adic formalism
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S-adic formalism

1 0;:1—10
91@ 1/\0 ' =0
90 / /\ 90 — 01
8, @1 0 1 ~
VNN

.10 0010010 O...
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S-adic formalism
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S-adic formalism
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S-adic formalism
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S-adic formalism
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S-adic formalism

1 0;:1—10
91@ 1/\0 ' =0
90 / /\ 90 — 01
8, @1 0 1 ~
VNN

.10 0010010 O...

17/28



S-adic formalism

> A directive sequence is a sequence of substitutions 7 = (7,)s>0
having the form

T T T3 T T
Af = A7+ A+ AL A L.
We write Ty m = Tp 0 Thy1 0+ 0 Tpm—1 for m > n > 0.

» Words of the form 15 ,(a), a € A,, are the n-blocks.

Definition. The S-adic subshift X, generated by 7 is defined as

{x € A% : all finite subwords of x occur in some n-block}.

» T is primitive if Yn >0, 3m > n s.t.:
every b € A, occurs in 7, m(a) for every a € Ap,.

» In the context of this talk: X, is minimal iff T is primitive.
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S-adic structures

» The S-adic framework has permitted the unification of a variety of
results and techniques in the field.

» To access the S-adic tool set, it is necessary to first translate the
properties defining a system into a directive sequence.

[Problem. Find an S-adic description for the class of dendric subshifts. ]
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S-adic structures

» The S-adic framework has permitted the unification of a variety of
results and techniques in the field.

» To access the S-adic tool set, it is necessary to first translate the
properties defining a system into a directive sequence.

[Problem. Find an S-adic description for the class of dendric subshifts. ]

A minimal subshift X C A% is:
» Arnoux-Rauzy iff X = X, for some primitive 7 € {AR, : a € A}\.

» (the coding of) an IET iff X = X where 7 reads an infinite path in
some Rauzy class.

[Question. Is there an S-adic graph description for dendric subshifts? ]
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A graph characterizing dendricity

s )

Thm. (Gheeraert & Leroy '22) For every d > 2, there exists a directed,
labeled multigraph &y s.t.:
» A minimal subshift X C {1,...,d}% is dendric iff there exists a
infinite path
70 T1 T2
v ——> V1 —> V) —> ...
in ¥4 such that 7 = (7, : n > 0) is a primitive directive sequence
generating X.
> Z, has a finite vertex set and an edge set.
> The edges of &4 are labeled with return substitutions.

\

Observations:
» An infinite number of different labels.

» No concrete description of dendric return substitutions.

The transfer of dynamical data to combinatorial data is incomplete.
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A graph characterizing dendricity

Observations:
» An infinite number of different labels.

» No concrete description of dendric return substitutions.

The transfer to combinatorial data is incomplete.

Thm. (Berthé et al. '15) Any dendric return substitution is a composi-
tion of elementary substitutions.

» Qur approach: elementary substitutions instead of return
substitutions.
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The

graph structure theorem

-

Thm. (E.-Leroy) For every d > 2, there exists a directed graph &y s.t.:

» A minimal subshift X is dendric iff there exists a infinite path
(¢ = vn11: n > 0) in G4 such that 7 = (7,:n>0) is a
primitive and proper directive sequence generating X.

> Z; has a finite vertex set and a edge set.

> The edges of &4 are labeled with substitutions

> Vertices are triples ([(¢), HE, HF).
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Dendric codings

Let X C A% be dendric.
> Given a substitution 6", set

Yo, ={y e A% 6 ,(y) € X}.

Obs. Ya'fb is non-empty iff ba is the only left-extension of a in X.
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Dendric codings

Let X C A% be dendric.
> Given a substitution 6", set

Yo, ={y e A% 6 ,(y) € X}.
Obs. Y;b is non-empty iff ba is the only left-extension of a in X.

> Extension graphs in the coding Y}, can be computed from those in X.

Prop. (E-Leroy) If vi€ L(Y},)\ {e} and u = 0% ,(v), then Fye,(v)is
obtained from I'x(u) as follows:

1. Merge the vertex mg(a) with 7, (b), if both appear.

2. Add the edges (7.(c),mr(a)) of I'x(ub).
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Dendric codings

We need information to control the previous process.
> For x € X, let

ER(X(—00.0) = {0 1 ¥(—0,0) = X(—oc0), Y € Y} C A
» Consider the hypergraph HE = (A, Ff), where

FE={ER(x): x € X}.

Prop. (E-Leroy) The subshift Y7, is dendric iff:

1. The subhypergraph induced in H§ by {a, b} is connected.
2. m(b) is the unique neighbor of mg(a) in Tx(e€).

Obs. For any dendric X, we can always choose a, b satisfying 1. and 2.
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The graph structure theorem

» The last proposition enables the simulation of the coding
construction procedure using a finite graph.
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The graph structure theorem

» The last proposition enables the simulation of the coding
construction procedure using a finite graph.

> Let

t _nt t
C,b— acl,b ©---0 Hq,b

for C ={c1,...,ce} C A

r

» A minimal subshift X is dendric iff there exists a infinite path
(vnl>vn+1:n20) in &4 such that 7 = (7,: n>0)is a
primitive and proper directive sequence generating X.

> &, has a finite vertex set and a edge set.
» The edges of &4 are labeled with substitutions

Thm. (E.-Leroy) For every d > 2, there exists a directed graph &y s.t.:

> Vertices are triples ([(¢), 15, HF).
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S-adic structure: particular cases

e 3

Arnoux-Rauzy. If Ay ={1,...,d} and X C A% is Arnoux-Rauzy:

> Our representations coincide with the usual S-adic expansions,
which have the form

T = (6%

A\{b}.by 1= 0),  with by € Ag and t, € {p,s}.

» One shape for Ix(e).
> HL and HR have one hyperedge: A,.

IET. If X is (the coding of) an IET.

> [x(e) is a «planar» tree.
> HE is a path, with #e =2, Ve € Hf.

» Our representations are accelerations of the Rauzy induction.
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S-adic structure: Cassaigne's algorithm

s \

Def. (Cassaigne's substitutions)

0 —O0 0 —1
gg. 1 —02 1. 1 —02
2 =1 2 =2

Denoting mjy the substitution 0 — i, 1 +— j, 2+ k, we have:
009 = Too1 © 6’?1})0 Ug = 0?172}70

_ S 2 _ s
o1 =m020071y, 01 =001

Thm. (Cassaigne et al. '21). The subshift X is dendric for all primitive
T = (Tn)nZO S {0’070‘1}N.

» The structure of X, given by our theorem matches 7, up to
letter-permuting substitutions.
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Final remarks and future work

New research directions have been unlocked.

1. Theorem on factors:
» Description of intermediate substitutions 7,/ ?

2. Applications of the S-adic structure.

» To study ergodic measures?
» To design multidimensional continued fraction algorithms?
> For geometric realizations?

Similar S-adic structure for the connected language case.
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