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Preliminaries



Basic notions

We will deal with integral polynomials, which are polynomials p with rational

coefficients with p(Z) ⊆ Z.

Some important families of systems:

• A nilsystem X = G/Γ is a homogeneous space of a nilpotent Lie group G and

Γ is a uniform discrete subgroup of G . The transformation T is given by left

rotation by τ ∈ G .

• A Weyl system is a nilsystem X = G/Γ in which the connected component

G0 of the identity eG is abelian.

• A rotation is a nilsystem in which X is an abelian group.
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Ejemplos

Rotations

Nilsystems

Weyl systems

Example.

• The system (T2,mT2 ,T ) where T (x , y) = (x + α, y + x) with α ∈ R \Q
is a Weyl systems.

• The system defined by its first coordinate, namely (T,mT, S) with

S(x) = x + α is a rotation.
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Recurrence Phenomenon

Theorem(Poincaré recurrence for sets). Let (X ,B, µ,T ) be a measure-preserving

system and A ∈ B with µ(A) > 0. Then for infinitely many n ∈ N

µ(A ∩ T−nA) > 0.

T−1A

T−2A

T−3A

A

Phase Space X
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Measurable and Topological Recurrence

Definition. A set R ⊆ Z is a set of measurable recurrence if for any measure-

preserving system (X ,B, µ,T ) and A ∈ B with µ(A) > 0, there is n ∈ R such

that

µ(A ∩ T−nA) > 0.

Definition. A set R ⊆ Z is a set of topological recurrence if for any minimal

topological system (X ,T ) and for any open set U ⊆ X , there is n ∈ R such

that

U ∩ T−nU ̸= ∅.

Examples:

• kN for any k ∈ N,
• E ⊆ N with lim supN→∞ |E∩{1,...,N}|

N
= 1,

• P± 1,

• E − E for E ⊆ N infinite,
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F -measurable recurrence

Definition. Let f : Z → Z be a function. A set R ⊆ Z is a set of f -

measurable recurrence for a family for (X , µ,T ) if for A ⊆ X with µ(A) > 0,

exists n ∈ R \ {0} such that

µ(A ∩ T−f (n)A) > 0.

Remark: We extent this definition to a set of functions {f1, . . . , fr } by replacing

µ(A ∩ T−f (n)A) > 0 by

µ(A ∩ T−f1(n)A ∩ T−f2(n)A ∩ ... ∩ T−fr (n)A) > 0.

Example.If f1(n) = 2n, f2(n) = n2, then R is a set of {2n, n2}-measurable

recurrence for a system (X , µ,T ) if for each A ∈ B(X ) with µ(A) > 0 there is

n ∈ R with

µ(A ∩ T−2nA ∩ T−n2A) > 0.
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F -topological recurrence

Definition. A R ⊆ Z is a set of f -topological recurrence for a minimal topo-

logical system (X ,T ) if for each open set U ⊆ X exists n ∈ R \ {0} such that

U ∩ T−f (n)U ̸= ∅.

Remark: We can extent this definition replacing U ∩ T−f (n)U ̸= ∅ by

U ∩ T−f1(n)U ∩ T−f2(n)U ∩ ... ∩ T−fr (n)U ̸= ∅.
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Including or separating notions of recurrence

Question. Let

• P and Q be sets of polynomials,

• F1 and F2 sets of measure preserving systems or minimal systems, and

• R1 the family of sets of P-recurrence for F1 and R2 the family of sets

of Q-recurrence for F2.

When is it possible to establish either

R1 ⊆ R2, or R1 \R2 ̸= ∅ and R2 \R1 ̸= ∅?

If

R1 ⊆ R2

We say that R1 implies (⇒) R2.

If

R1 \R2 ̸= ∅ and R2 \R1 ̸= ∅

we say that R1 and R2 are in general positions (⊥⊥).
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Some important results

1. Folklore: For integral polynomials P = {p1, . . . , pr },

P-measurable recurrence for rotations ⇐⇒ P-topological recurrence for rotations

P-measurable recurrence ⇒ P-topological recurrence

2. [7, 1987] Kř́ıž:

{n}-topological recurrence ⇏ {n}-measurable recurrence.

3. [3, 2006] Frantzikinakis, Lesigne, and Wierdl:

{n, . . . , (k + 1)n}-measurable recurrence ⇒ {n, . . . , kn}-measurable recurrence

{n, . . . , (k + 1)n}-measurable recurrence ⇍ {n, . . . , kn}-measurable recurrence

4. [1, 2008] Frantzikinakis: If deg(p) > 1,

{n}-measruable recurrence ⊥⊥ {p(n)}-measurable recurrence

5. [6, 2016] Host,Kra, and Maass:

{n}-recurrence for rotations ⇒ {n}-topological recurrence for nilsystems

6. [4, 2024] Griesmer:

{n, 2n}-measurable recurrence ⊥⊥ {n2
}-measurable recurrence
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{n}-topological recurrence ⇏ {n}-measurable recurrence.

3. [3, 2006] Frantzikinakis, Lesigne, and Wierdl:

{n, . . . , (k + 1)n}-measurable recurrence ⇒ {n, . . . , kn}-measurable recurrence

{n, . . . , (k + 1)n}-measurable recurrence ⇍ {n, . . . , kn}-measurable recurrence

4. [1, 2008] Frantzikinakis: If deg(p) > 1,

{n}-measruable recurrence ⊥⊥ {p(n)}-measurable recurrence

5. [6, 2016] Host,Kra, and Maass:

{n}-recurrence for rotations ⇒ {n}-topological recurrence for nilsystems

6. [4, 2024] Griesmer:

{n, 2n}-measurable recurrence ⊥⊥ {n2
}-measurable recurrence

Felipe Hernández Castro 11



Some important results

1. Folklore: For integral polynomials P = {p1, . . . , pr },

P-measurable recurrence for rotations ⇐⇒ P-topological recurrence for rotations

P-measurable recurrence ⇒ P-topological recurrence

2. [7, 1987] Kř́ıž:
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Results in Weyl systems



Classifying polynomial recurrence in Weyl systems

Theorem(H. 2024+). Let {p1, ..., pr } polynomials. Then, there exist rationally

independent polynomials {q1, ..., qr } such that the following are equivalent:

1. R is a set of {q1, . . . , qr }-recurrence for rotations.

2. R is a set of {p1, . . . , pr }-measurable recurrence for Weyl systems,

3. R is a set of {p1, . . . , pr }-topological recurrence for Weyl systems.

Remark: A set R ⊆ Z is of {q1, . . . , qr }-recurrence for rotations if for each α ∈ Td

and ϵ > 0 there is n ∈ R such that

||q1(n)α||Td < ϵ, . . . , ||qr (n)α||Td < ϵ.
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Model Example

Example. Let α ∈ R \Q.

1. For P1 = {n, 2n, 3n} we have Q1 = {n, n2, n3}, and

2. for P2 = {n, 2n, n2} we have Q2 = {n, n2, 2n3 − n4}.

For distinguishing these two notions, we look at{
n ∈ N : ||n3α||T > 1/4

}
which is a set of P2-recurrence but it is not a set of P1-recurrence, and{

n ∈ N : ||(2n3 − n4)α||T > 1/4
}
,

which is a set of P1-recurrence but it is not a set of P2-recurrence.
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Weyl Complexity

Definition. Let (X , µ,T ) be a system and (Y , ν,T ) a factor. We say that

(Y , ν,T ) is characteristic for the ergodic averages over the patterns P =

{p1, . . . , pr } if:

For any set of functions f1, . . . , fr ∈ L∞(X )

lim
N−M→∞∥ 1

N −M

N∑
n=M+1

f1
(
T p1(n)x

)
· · · fr

(
T pr (n)x

)

−
1

N −M

N∑
n=M+1

E(f1 | Y )
(
T p1(n)x

)
· · ·E(fr | Y )

(
T pr (n)x

)
∥L2(X) = 0.

Definition. Let P = {p1, . . . , pr } polynomials. We define the Weyl complexity

W (P) as the minimal k such that for every Weyl system (X , µ,T ), its maximal

k-step nilfactor (Y , ν,T ) is characteristic for the ergodic averages over the

patterns P.
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Weyl Space

For a polynomial p and k ∈ N denote p[k](n) =
(
p(n)
k

)
.

Define for integral

polynomials P = {p1, . . . , pr } and k = W (P),

Λ(P) =



p1 0 0 . . . 0 0
...

...
...

...
...

pr 0 0 . . . 0 0

p
[2]
1 p1 0 . . . 0 0
...

...
...

...
...

p
[2]
r pr 0 . . . 0 0
...

...
...

...
...

...
...

...
...

...

p
[k]
1 p

[k−1]
1 p

[k−2]
1 . . . p

[2]
1 p1

...
...

...
...

...

p
[k]
r p

[k−1]
r p

[k−2]
r . . . p

[2]
r pr


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...
...

...
...

...

p
[k]
r p

[k−1]
r p

[k−2]
r . . . p

[2]
r pr


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Weyl Space

A standard Weyl system (X ,T ) is X = Tk such that for each x = (x1, . . . , xk) ∈ X

T (x1, x2, . . . , xk) = (x1 + α, x2 + x1, x3 + x2, . . . , xk + xk−1) .

In particular

T n (x1, x2, . . . , xk) =

(
x1 + nα, x2 + nx1 +

(
n

2

)
α , · · · , xd +

k−1∑
i=1

(
n

i

)
xk−i +

(
n

k

)
α

)
.

After reordering coordinates, (T p1(n)x − x , . . . ,T pr (n)x − x) corresponds to

Λ(P)


α

x2
...

xk

 .
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Weyl Space

Fix k = W (P).

Definition. (Weyl Space) We define

WS(P) =
{
q(n) | ∃v ∈ Rr·k , vTΛk(P) = (q(n), 0, . . . , 0)

}
.

Example.

• W (n, 2n, 3n) = 3 and WS(n, 2n, 3n) = ⟨n, n2, n3⟩R,
• W (n, 2n, n3) = 2 and WS(n, 2n, n3) = ⟨n, n2, n3⟩R,
• W (n, 2n, n2) = 3 and WS(n, 2n, n2) = ⟨n, n2, 2n3 − n4⟩R.
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Weyl space

Some properties of the Weyl Space:

1. P ⊆ WS(P).

2. If W (P) = 1 then WS(P) = ⟨P⟩R.
Example: If P = {n, n2, n3} then WS(P) = ⟨n, n2, n3⟩R.

3. If all polynomials in P are linear, then WS(P) is the set of integral

polynomial of degree at most |P |.

Example: If P = {n, 11n, 42n} then WS(P) = ⟨n, n2, n3⟩R.

4. WS({p1 ◦ q, . . . , pr ◦ q}) = WS({p1, . . . , pr }) ◦ q.
Example: If P = {p(n), 2p(n), 3p(n)} then WS(P) = ⟨p(n), p(n)2, p(n)3⟩R.
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Key result in Standard Weyl systems

Lemma

• Let P = {p1, . . . , pr } be a family of integral polynomials.

• Let (X , µ,T ) be a product of s many standard d-step Weyl systems, this is X = Tsd

and T decomposes as T = S1 × · · · × Ss where (Td , Si ) is a standard Weyl system
such that for bi ∈ R \ Q,

Si (x1, ..., xd ) = (x1 + bi , x2 + x1, ..., xd + xd−1).

Then for all functions f0, . . . , fr ∈ L∞(µ) there are a sequence (cl )l∈Z ∈ ℓ1(Z) and integral
polynomials (ql )l∈Z ∈ WS(P)s such that∫

X
f0T

p1(n)f1 · · ·T pr (n)frdµ =
∑
l∈Z

cl · e
(
ql (n)

Tb
)
.
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Lifting from Weyl systems to all systems



Weighted polynomial ergodic averages

Theorem(H. 2024+).

• Let (X , µ,T ) be an invertible measure preserving system,

• let P = {p1, . . . , pr } be a set of integral polynomials, h a integral

polynomial such that h /∈ WS(P), and
• let α ∈ R \Q.

If g : T → C is Riemann integrable and f0, f1, . . . , fr ∈ L∞(µ), then

lim
N→∞

1

N

N∑
n=1

(
g(h(n)α) −

∫
T
gdλ

) ∫
f0T

p1(n)f1 · · ·T pr (n)frdµ = 0

Felipe Hernández Castro 22



Strategy

Original system

k-step (pro)nilfactor

Weyl system

Standard Weyl system

Characteristic factor for
polynomial ergodic averages
[5, Host & Kra ], [9, Leibman]

Equidistribution results
in nilmanifolds
[8, 10, Leibman]

Extension theorem
[2, Frantzikinakis & Kra]
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Sketch of the proof

By approximating by exponentials, we can assume that g(t) = e(kt) for t ∈ Z.

Invoking the previous theorem we get a bounded sequence c ∈ ℓ1(Z) and integral

polynomials {qj
l }l∈Zr ,j∈[s] ⊆ WS(Q) such that for ϵ > 0 there is M ∈ N with∣∣∣∣∣∣

∫
f0T

p1(n)f1 · · ·T pr (n)frdµ −
∑

l∈[−M,M]

cl · e
(
ql (n)

Tb
)∣∣∣∣∣∣ ≤ ϵ.

Thus, we have∣∣∣∣∣ 1N
N∑

n=1

e(kh(n)α) ·
∫
f0T

p1(n)f1 · · ·T pr (n)frdµ

∣∣∣∣∣
≤ ϵ +

∣∣∣∣∣∣ 1N
N∑

n=1

∑
l∈[−M,M]

cl · e

(
kh(n)α +

s∑
j=1

qj
l (n) · bj

)∣∣∣∣∣∣
≤ ϵ +

∑
l∈[−M,M]

∣∣∣∣∣ 1N
N∑

n=1

e

(
kh(n)α +

s∑
j=1

qj
l (n) · bj

)∣∣∣∣∣ .
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Sketch of the proof

By Weyl’s equidistribution criterion it is enough to see that the following

polynomial has an irrational coefficient:

kh(n)α︸ ︷︷ ︸
External frequency

+

s∑
j=1

qj
l (n) · bj︸ ︷︷ ︸

WS(P)-frequencies

.

This follows from the fact that h /∈ WS(P) and {1, b1, . . . , bs } are l.i.. That being

so,

lim sup
N

∣∣∣∣∣ 1N
N∑

n=1

e(kh(n)α) ·
∫
f0T

p1(n)f1 · · ·T pr (n)frdµ

∣∣∣∣∣ ≤ ϵ,

Taking ϵ ↘ 0 finishes the proof. □
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Results in all systems

Theorem(H. 2024+). Let P = {p1, ..., pk } and Q = {q1, ..., ql } two sets of

polynomials such that WS(P) \WS(Q) ̸= ∅. Then

Q-measurable recurrence ⇏ P-measurable recurrence

In particular, if in addition WS(Q) \WS(P) ̸= ∅ then

Q-measurable recurrence ⊥⊥ P-measurable recurrence

Proof: Let p ∈ WS(P) \WS(Q) and α ∈ R \Q. Define

S :=
{
n ∈ N | ||p(n)α||T > 1/4

}
.

The set S is not a set of P-recurrence, but it is a set of (averaging) Q-recurrence:

Let (X ,B, µ,T ) be a measure-preserving system, and A ⊆ X with µ(A) > 0, then

lim
N→∞

1

N

∑
n≤N

1S(n)µ(A ∩ T−q1(n)A ∩ · · · ∩ T−qr (n)A)

=
1

2
lim
N→∞

1

N

∑
n≤N

µ(A ∩ T−q1(n)A ∩ · · · ∩ T−qr (n)A) > 0.
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Thanks for your attention!
Any questions?
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