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Basic notions =Pr-L

We will deal with integral polynomials, which are polynomials p with rational
coefficients with p(Z) C Z.
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Basic notions

We will deal with integral polynomials, which are polynomials p with rational
coefficients with p(Z) C Z.

Some important families of systems:

e A nilsystem X = G/I" is a homogeneous space of a nilpotent Lie group G and
" is a uniform discrete subgroup of G. The transformation T is given by left
rotation by T € G.

o A Weyl system is a nilsystem X = G/T in which the connected component
Go of the identity e is abelian.

e A rotation is a nilsystem in which X is an abelian group.
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Ejemplos

Nilsystems

Weyl systems

Rotations

Example.

o The system (T2, my, T) where T(x,y) = (x + &, y + x) with « € R\ Q
is a Weyl systems.

e The system defined by its first coordinate, namely (T, mp, S) with
S(x) = x + « is a rotation.
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Recurrence Phenomenon =

Theorem(Poincaré recurrence for sets). Let (X, B, i, T) be a measure-preserving
system and A € B with p(A) > 0. Then for infinitely many n € N

wWAN T "A) > 0.
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Recurrence Phenomenon

Theorem(Poincaré recurrence for sets). Let (X, B, i, T) be a measure-preserving
system and A € B with p(A) > 0. Then for infinitely many n € N
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Phase Space X
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Measurable and Topological Recurrence

Definition. A set R C Z is a set of measurable recurrence if for any measure-
preserving system (X, B,u, T) and A € B with u(A) > 0, there is n € R such
that

p(ANnT "A) > 0.
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Measurable and Topological Recurrence

Definition. A set R C Z is a set of measurable recurrence if for any measure-
preserving system (X, B,u, T) and A € B with u(A) > 0, there is n € R such
that

p(ANnT "A) > 0.

Definition. A set R C Z is a set of topological recurrence if for any minimal
topological system (X, T) and for any open set U C X, there is n € R such

that
unT "U#0.
Examples:
e kN for any k € N,
e £ C N with limsupy_,, w = Il

e P11,
e £ — E for E C N infinite,
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F-measurable recurrence

Definition. Let f : Z — 7Z be a function. A set R C Z is a set of -
measurable recurrence for a family for (X, u, T) if for A C X with pu(A) > 0,
exists n € R\ {0} such that

n(ANnT Ay >o0.
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F-measurable recurrence

Definition. Let f : Z — 7Z be a function. A set R C Z is a set of -
measurable recurrence for a family for (X, w, T) if for A C X with p(A) > 0,
exists n € R\ {0} such that

n(ANnT Ay >o0.
Remark: We extent this definition to a set of functions {fi,..., f,} by replacing
w(AN T MA) >0 by

wANT A DA T 20AN AT Ay > 0.

Example.If fi(n) = 2n, f(n) = n?, then R is a set of {2n, n*}-measurable
recurrence for a system (X, p, T) if for each A € B(X) with nw(A) > 0 there is
n € R with

WANT 2ANT " A) > 0.
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F-topological recurrence

Definition. A R C Z is a set of f-topological recurrence for a minimal topo-
logical system (X, T) if for each open set U C X exists n € R\ {0} such that

unT MU £0.
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F-topological recurrence =

Definition. A R C Z is a set of f-topological recurrence for a minimal topo-
logical system (X, T) if for each open set U C X exists n € R\ {0} such that

unT MU £0.

Remark: We can extent this definition replacing UN T~ U # 0 by

unT"unT YU nT U £0.
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Including or separating notions of recurrence

Question. Let

e P and @ be sets of polynomials,

e 71 and F, sets of measure preserving systems or minimal systems, and

e R the family of sets of P-recurrence for 71 and R the family of sets
of Q-recurrence for F>.

When is it possible to establish either

Rl ng,Ol’Rl\Rz#@and Rz\Rl 75(2)7
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Including or separating notions of recurrence

Question. Let

e P and @ be sets of polynomials,
e Fi and F» sets of measure preserving systems or minimal systems, and

e R the family of sets of P-recurrence for 71 and R the family of sets
of Q-recurrence for F>.

When is it possible to establish either

Rl QRg,orRl\RQ;é(Z)and Rz\Rl 75@7

Ri1 C R
We say that Ri implies (=) Roa.

If
Ri\R2#0 and Ro \ R1 # 0

we say that R; and R2 are in general positions (LL).
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Some important results

1. Folklore: For integral polynomials P = {p1,...,p/},
P-measurable recurrence for rotations <= P-topological recurrence for rotations

P-measurable recurrence = P-topological recurrence
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Some important results

1. Folklore: For integral polynomials P = {p1,...,p/},
P-measurable recurrence for rotations <= P-topological recurrence for rotations
P-measurable recurrence = P-topological recurrence
2. [7, 1987] K¥iz:
{n}-topological recurrence - {n}-measurable recurrence.
3. [3, 2006] Frantzikinakis, Lesigne, and Wierd!:
{n,...,(k + 1)n}-measurable recurrence = {n, ..., kn}-measurable recurrence
{ny..., (k 4+ 1)n}-measurable recurrence <= {n,..., kn}-measurable recurrence
4. [1, 2008] Frantzikinakis: If deg(p) > 1,
{n}-measruable recurrence L {p(n)}-measurable recurrence
5. [6, 2016] Host,Kra, and Maass:
{n}-recurrence for rotations = {n}-topological recurrence for nilsystems
6. [4, 2024] Griesmer:
{n, 2n}-measurable recurrence 1L {n°}-measurable recurrence
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Results in Weyl systems




Classifying polynomial recurrence in Weyl systems

Theorem(H. 2024+). Let {p1, ..., p;} polynomials. Then, there exist rationally
independent polynomials {qu, ..., -} such that the following are equivalent:

1. Ris a set of {qi,..., g }-recurrence for rotations.
2. Ris a set of {p1,..., p-J-measurable recurrence for Weyl systems,

3. Ris a set of {p1,..., pJ-topological recurrence for Weyl systems.
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Classifying polynomial recurrence in Weyl systems

Theorem(H. 2024+). Let {p1, ..., p;} polynomials. Then, there exist rationally
independent polynomials {qu, ..., -} such that the following are equivalent:

1. Ris a set of {qi,..., g }-recurrence for rotations.
2. Ris a set of {p1,..., p-J-measurable recurrence for Weyl systems,

3. Ris a set of {p1,..., pJ-topological recurrence for Weyl systems.

Remark: A set R C Z is of {qu, ..., g-}-recurrence for rotations if for each « € T¢
and € > 0 there is n € R such that

llgr(n)xllps < €,...,llq-(n)edlra < e.
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Model Example

Example. Let x € R\ Q.

1. For P ={n,2n,3n} we have @ = {n, n®, n*}, and

2. for P, = {n,2n, n’} we have @ = {n, n?,2n°> — n*}.
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Model Example

Example. Let x € R\ Q.

1. For P ={n,2n,3n} we have @ = {n, n®, n*}, and

2. for P, = {n,2n, n’} we have @ = {n, n?,2n°> — n*}.
For distinguishing these two notions, we look at
{neN:Inal > 1/4}
which is a set of P,-recurrence but it is not a set of P;-recurrence, and
{n eN:|(2n* — n)allr > 1/4}>

which is a set of Pj-recurrence but it is not a set of Pr-recurrence.
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Weyl Complexity cP

Definition. Let (X, w, T) be a system and (Y,v, T) a factor. We say that
(Y,v, T) is characteristic for the ergodic averages over the patterns P =
{pla 09 05%) pr} if:

For any set of functions fi,...,f, € L=(X)

(7705) 5 ()

E(f | Y) (TP“"JX) E(f | Y) (T"’(”)X) ll2x) = 0.

lim
N*Mﬁoo

i
ol
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Weyl Complexity cP

Definition. Let (X, w, T) be a system and (Y,v, T) a factor. We say that
(Y,v, T) is characteristic for the ergodic averages over the patterns P =
{pla 09 05%) pr} if:

For any set of functions fi,...,f, € L=(X)

N

My Z (77 0x) - £ (T7x)
N

Z (AlY) (TP1(HJX) - E(f]Y) (TPr(n)X) ”L?(X) —0.

Definition. Let P ={pa,..., p;} polynomials. We define the Weyl complexity
W (P) as the minimal k such that for every Weyl system (X, w, T), its maximal
k-step nilfactor (Y,v, T) is characteristic for the ergodic averages over the
patterns P.
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Weyl Space

For a polynomial p and k € N denote p*!(n) = (p(k"]).
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Weyl Space cPFL

For a polynomial p and k € N denote p*!(n) = (p(k"]). Define for integral

polynomials P ={p1,...,p;} and k = W(P),

p1 0 0 ... 0 O
pr 0 O 0 0
plm p1 0 0 0
A(P) = pim pr 0 0 0
N

I pl.k] Pr[k;l] pr[kim piz] P.r |
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Weyl Space

A standard Weyl system (X, T) is X = T* such that for each x = (x1,...,x¢) € X

T(Xl,XQ,...,Xk) = (X1+OC,X2+X1,X3+X2,...,Xk+Xk71).
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Weyl Space

A standard Weyl system (X, T) is X = T* such that for each x = (x1,...,x¢) € X
T(Xl,XQ,...,Xk) = (X1+OC,X2+X1,X3+X2,...,Xk+Xk71).

In particular

—,—n(Xl)X2"“’Xk)<X1+n0(,X2+nX1+<g> oy xd+Z<>Xk, <Z>o¢>
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Weyl Space

A standard Weyl system (X, T) is X = T* such that for each x = (x1,...,x¢) € X

T(Xl,XQ,...,Xk) = (Xl+OC,X2+X1,X3+X2,...,Xk+Xk71).
In particular
T" (x1, x; xk) = | x1 + na, xo + nxg + " x+Z X ")«
1y X2y e e ey Xk ) = 1 y X2 1 2 ) d k—i + k 0

After reordering coordinates, (TP("x —x, ..., TP("x — x) corresponds to

x

X2

A(P)
Xk

Felipe Hernandez Castro 17



Weyl Space

Fix k = W(P).
Definition. (Weyl Space) We define

WS(P):{q(n) | v e R7K, vT/\k(P):(q(n),O,...,O)}.
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Weyl Space

Fix k = W(P).
Definition. (Weyl Space) We define

WS(P):{q(n) | v e R7K, vT/\k(P):(q(n),O,...,O)}.

Example.

e W(n,2n,3n) = 3 and WS(n,2n,3n) = (n, n*, n*)g,
o W(n,2n,n*) =2 and WS(n,2n,n®) = (n, n*, n®)g,
o W(n,2n,n*) =3 and WS(n,2n,n*) = (n,n* 2n* — n*)g.
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Weyl space cPFL

Some properties of the Weyl Space:

1. P C WS(P).
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Weyl space

Some properties of the Weyl Space:

1. P C WS(P).

2. If W(P) =1 then WS(P) = (P)g.
Example: If P = {n, n? n®} then WS(P) = (n, n*, n*)z.

3. If all polynomials in P are linear, then WS(P) is the set of integral
polynomial of degree at most |P|.
Example: If P ={n,11n,42n} then WS(P) = (n, n*, n*)g.

4. WS({p1ogq,...,proqt) =WS({p1,...,pHoq.
Example: If P = {p(n),2p(n),3p(n)} then WS(P) = (p(n), p(n)*, p(n)*)r.
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Key result in Standard Weyl systems cPF

Lemma

e Let P={p1,...,pr} be a family of integral polynomials.

e Let (X,u, T) be a product of s many standard d-step Weyl systems, this is X = T
and T decomposes as T = S; X --- x Ss where (T9,S;) is a standard Weyl system

such that for b; € R\ Q,

Si(X1y ey Xd) = (X1 + bjy X2 + X1y ooy Xg + Xg—1)-

Then for all functions fy, ..., f, € L>(u) there are a sequence (c;);cz € (*(Z) and integral

polynomials (q;);ez € WS(P)* such that

JXﬁJTpl(n)ﬂ_”Tp,(mfrdu S o ( b)

IEZ
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Lifting from Weyl systems to all systems




Weighted polynomial ergodic averages

Theorem(H. 2024+).

e Let (X, u, T) be an invertible measure preserving system,

o let P ={pi,...,p:} be a set of integral polynomials, h a integral
polynomial such that h ¢ WS(P), and

o let x e R\ Q.

If g: T — C is Riemann integrable and fy, fi,...,f € L>(u), then

. (n) r(n) _
ngxgoﬁz( Jgd?x)Jbe"l fio- TP Edu=0
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-
Strategy =
Original system % .
1
: Characteristic factor for
1 polynomial ergodic averages
y 1[5, Host & Kra ], [9, Leibman]
r |
-=<  k-step (pro)nilfactor - -
! N
Equidistribution results :
in nilmanifolds 1
[8, 10, Leibman] : v
; e
- Weyl system -
1
1
! Extension theorem
: [2, Frantzikinakis & Kra]
/ '
1
1

Standard Weyl system --
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Sketch of the proof

By approximating by exponentials, we can assume that g(t) = e(kt) for t € Z.
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Sketch of the proof

By approximating by exponentials, we can assume that g(t) = e(kt) for t € Z.
Invoking the previous theorem we get a bounded sequence ¢ € 0}(Z) and integral
polynomials {q};czr jes) € WS(Q) such that for € > 0 there is M € N with

‘[fo—,—pl(n)fl"'—rpr(n)frduf Z C,.e<q,(n)Tb> < €.
I€[=M,M]
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Sketch of the proof EP

By approximating by exponentials, we can assume that g(t) = e(kt) for t € Z.
Invoking the previous theorem we get a bounded sequence ¢ € 0}(Z) and integral
polynomials {q};czr jes) € WS(Q) such that for € > 0 there is M € N with

JfOTpl(n)fl"'Tpr(n)frdu* Z C/-e<q/(n)Tb> <
le[—M,M]

Thus, we have

N
LS st [ 47708 7

e (kh(n)oc+ Zq{(n) . bj)

N s
% Z e <kh(n)(x+ Z qi(n) - bj) ‘ .
j=1

Felipe Hernandez Castro 24



Sketch of the proof cPFL

By Weyl's equidistribution criterion it is enough to see that the following
polynomial has an irrational coefficient:

kh(n)ec  + > qi(n)-b; .

———

External frequency R y
WS (P)-frequencies
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By Weyl's equidistribution criterion it is enough to see that the following
polynomial has an irrational coefficient:

———

External frequency R y
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kh(n)ec  + > qi(n)-b; .

This follows from the fact that h ¢ WS(P) and {1, by, ..., b} are L.i..
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Sketch of the proof

By Weyl's equidistribution criterion it is enough to see that the following
polynomial has an irrational coefficient:

kh(n)x  + > qi(n)

———

J=L1
External frequency R y
WS (P)-frequencies

This follows from the fact that h ¢ WS(P) and {1, b1, ..., bs} are L.i.. That being
so,

hmsup Ze (kh(n J'fb-,—ﬁ’l(n)jrl,..'[‘Pr[n)tcrc”L <,

Taking € ™\, O finishes the proof. O
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Results in all systems cPFL

Theorem(H. 2024+). Let P = {p1,...,px} and Q@ = {q, ..., q/} two sets of
polynomials such that WS(P) \ WS(Q) # 0. Then

Q-measurable recurrence # P-measurable recurrence
In particular, if in addition WS(Q) \ WS(P) # 0 then

Q-measurable recurrence Il P-measurable recurrence

Felipe Hernandez Castro 26



-

Results in all systems cPFL
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Proof: Let p € WS(P)\ WS(Q) and & € R\ Q. Define

S:= {n e N|llp(malir > 1/4}.
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Results in all systems cP

Theorem(H. 2024+). Let P = {p1,...,px} and Q@ = {q, ..., q/} two sets of
polynomials such that WS(P) \ WS(Q) # 0. Then

Q-measurable recurrence # P-measurable recurrence
In particular, if in addition WS(Q) \ WS(P) # 0 then

Q-measurable recurrence Il P-measurable recurrence

Proof: Let p € WS(P)\ WS(Q) and & € R\ Q. Define
S = {n e N|llp(mallr > 1/4}.

The set S is not a set of P-recurrence, but it is a set of (averaging) Q-recurrence:
Let (X, B,u, T) be a measure-preserving system, and A C X with p(A) > 0, then

lim —Z]ls pANT WAan...n T4

N—oo N
n<N

1 —a1(n) —a:(n)
11mNZp(AﬁT {WAN...AT A) > 0.
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Thanks for your attention!
Any questions?
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