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Example

Let T, : ST — S?! be the circle rotation by a € [0,1) \ Q.
The Lebesgue measure is the only invariant probability measure of
To.

Let T : S' — S! be the North-South map

The set of invariant probability measures of T is
{tdy + (1 — t)ds : t € [0,1]}.
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Example

Let (T, T,) be the subgroup of (Homeo(S'), o) generated by T,
and T.

m (T, T,) acts by homeomorphisms on S?.

m Remember that p is an invariant probability measure for this
action if for every g € (T, T,) and every Borel set A C S,

1(gA) = u(A)
m In particular, if p is invariant for this action, then p is
invariant for T, and T.

m — the space of invariant probability measures of this action
is empty!
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General setting and question.

We deal with dynamical systems (X, G) such that :

m X is a compact metric space.

m G is (isomorphic to) a countable infinite subgroup of
Homeo(X).

= An invariant measure of (X, G) is a Borel probability
measure y such that for every Borel set AC X and g € G

1(gA) = pu(A)

m We denote M(X, G) the space of invariant probability
measures of the (X, G).

Q1: Given a discrete countable group G, find examples of
dynamical systems (X, G) such that M(X, G) = (.
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Amenable groups

m G is amenable if G has Fdlner sequences: a sequence
(Fn)nen of finite subsets of G such that,

n—00 ’Fn’

= 0 for every g € G.

m Ex: abelian groups are amenable, F, is not amenable, for
d>2.

m If G is amenable, then M(X, G) is always non-empty *:
Indeed, for every x € X and (F,)nen Félner, the accumulation
points of (ﬁ >_gcF, Ogx)nen are invariant measures

m Dynamical characterization of amenability:

G amenable <= M(X, G) # 0 for every (X, G).

*Krylov—Bogolyubov Theorem
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Test families for amenability.

m If G is non-amenable then there exists a dynamical system
(X, G), with X the Cantor set, such that M(X,G) =0
(Giordano, de la Harpe 97).

m Corollary:

G amenable <= M(X,G) # 0, for every (X, G)
with X Cantor.

m The family of dynamical systems (X, G), with X Cantor, is a
test for amenability for countable groups.

m Q2: Within Cantor systems, find test families for amenability
for countable groups.
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Special family of Cantor systems: subshifts.

G is an infinite countable group and X is a finite alphabet (with
x| = 2).

Consider ¢, the space of all functions x : G — X.

For every x € ¥¢ and g € G we define
o€x such that o€x(h) = x(g1h) for all h,g € G.

The map G — Homeo(X¢) given by g — o8 is an injective
homomorphism. We identify g with o&.

(£¢, G) is known as the full G-shift on the alphabet ¥.

Subshifts: A G-subshift is a closed set X C ¥ ¢ which is invariant
under the shift action. The dynamical system (X, G) is also called
a G-subshift.
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Special class of groups: residually finite groups.

m G is residually finite if the intersection of all its subgroups of
finite index is trivial.

m Ex: Z, 79, Fy are residually finite. Divisible groups as Q, are
not residually finite.

m Theorem:! The group G is residually finite if and only if the
set of points of ¢ which have a finite orbit with respect to
the shift action, is dense in X°.

Proof. The idea of the proof is based on the fact that x has a
finite orbit if and only if the stabilizer of x is a finite index
subgroup of G.

m Corollary: If G is residually finite, then (£, G) has plenty of
invariant measures supported on finite orbits (even when G is
non-amenable).

tSee Ceccherini-Silberstein, T., Coornaert, M.; Cellular Automata and
Groups. Springer, Berlin, Heidelberg, 2010.
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We will focus on minimal and aperiodic subshifts of ¥¢.

m (X, G) is minimal if Og(x) = {gx : x € X} is dense in X, for
every x € X.

m (X, G) is aperiodic if gx = x implies g = 1, for every x € X.
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Toeplitz G-subshifts: a good family of subshifts.

An element x € £¢ is Toeplitz! if for every g € G there exists a
finite index subgroup ' of G such that

x(g) = x(vg) = 07 x(g) for every y € T.

A subshift X C ¥.¢ is a Toeplitz G-subshift if there exists a
Toeplitz element x € £¢ such that

X ={o8(x): g € G}.

Remark: The set of return times of x to a cylinder set is a finite
index subgroup of G (stronger property than being syndetic).

Remark = Toeplitz G-subshifts are minimal.

tFor G = Z, they were introduced by Jacob and Keane at the end of the
60's. See the work of Susan Williams and Tomasz Downarowicz.
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Aperiodic Toeplitz subshifts.

Let x € ¢ be a Toeplitz element. For every g € G, let g bea
finite index subgroup of G such that

x(g) = x(vg) = av_lx(g) for every v € I,.
If I = ﬂgGG g, then
x(g) = x(vg) = aflx(g) for every y €T and g € G.

In other words, 07x = x, for every v € T.

Remark: If x is aperiodic (08x = x = g = 1) then I = {1¢}.

If there exists an aperiodic element x € ¢, then G is residually
finite.
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Existence of aperiodic Toeplitz subshifts.

Proposition (C., Petite 2008; Krieger 2007): The following
sentences are equivalent:

m There exists an aperiodic Toeplitz subshift X C {0,1}°.
m G is residually finite.

Remark: There are aperiodic Toeplitz subshifts in {0, 1}Zd,
{0,1}F2 but not in {0,1}<.



Example

where ¥ is an alphabet with

An aperiodic Toeplitz element in ¥2°

8 letters (colors).
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Back to the main question.

Q2: Within Cantor systems, find test families for amenability for
countable groups.

m G is amenable <= M(X, G) # 0, for every (X, G).

m G is amenable <= M(X, G) # 0, for every (X, G), with X
a Cantor set (Giordano, de la Harpe 1997).

m G is amenable <= M(X, G) # 0, for every (X, G), subshift
(deduced from GdIH97, or Seward 2014).

m G is amenable <= M(X, G) # 0, for every (X, G) subshift
in two symbols ( Frisch, Kechris, Shinko, Vidnyanszky, Arxiv).

Question: Residually finite groups are characterized by the
existence of non-periodic Toeplitz subshifts. Are these subshifts a
test family for the amenability of residually finite groups?
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Corollary (C., Gémez 2024)

Let G be a countable residually finite group. The following
statements are equivalent:
m G is non-amenable.
m There exists an aperiodic Toeplitz subshift (X, G) such that
M(X, G) = 0.
m For every aperiodic minimal equicontinuous Cantor system
(Z, G), there exists a Toeplitz subshifts (X, G) whose maximal
equicontinuous factor is (Z, G) and such that M(X, G) = 0.

Remark: Todor Tsankov shows the same result using Boolean
algebras tools (non-published work).
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Almost 1-1 extensions

(X, G) is an extension of (Y, G) if the exists a continuous
surjective map 7 : X — Y such that

m(gx) = gm(x) for every g € G, x € X.

(X, G) is an almost 1-1 extension of (Y, G) if in addition, the set
{yeY:|r Yy} =1} is dense
Characterizations of Toeplitz subshifts(C. Petite 2008; Krieger

2007)8: Let X C £C be a minimal subshift.

X is Toeplitz <= (X, G) is an almost 1 — 1 extension of

a minimal, equicontinuous, Cantor system

SFor G = Z, Downarowicz and Lacroix 1998
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(Furstenberg, Weiss 1989) For Z minimal and Y transitive. Borel
measurable injective 6 : Y — X and 1-1 affine map 6*.



Almost 1-1 extensions of Furstenberg-Weiss type.

homeo )

measurable f////
J« %t 1-1

Z

(Downarowicz, Lacroix 1998) For Z-actions and Z minimal strictly
ergodic (or symbolic).



Almost 1-1 extensions of Furstenberg-Weiss type.

Theorem (C., Gémez 2024)

Let G be an infinite residually finite group. Let (Z,G) be a
minimal equicontinuous Cantor system having a free orbit. Let
(Y, G) be a minimal extension of (Z, G) through a factor map
7 : Y — Z. Then there exist a minimal extension (X, G) of (Z, G)
through an almost 1-1 factor map 7 : X — Z, and a Borel
equivariant map v : Y — X, satisfying the following:
ToYy =T.
Y is1—1on7wY(Z), where Z C Z is a full-measure set with
respect to the unique invariant probability measure in (Z, G).
The map v induces an affine bijection 1* between M(Y, G)
and M(X, G).
@ /f in addition, Y is a Cantor set, then X is also a Cantor set
and the map * is an affine homeomorphism.



M(Y’ G) bijection M(X7 G)

7

Y---—->X
i%tl—l
Z

For Y Cantor,

M(Y, G) "2 M(X, G)

7

Yoo =X

l %t 1-1
V4
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Sketch of the proof

o Fix yo € Njen 71C;. We define ¢ : Y — Y© as follows: for
everyg € Gand y €Y,

d,:llyo if g € Ji(y) and dj_1 € Dj_1 is such that
o(y)(g) = gect,lidi
g~ ly if g€ Aper(y).
e The function ¢ : Y — Z x Y€, 4(y) = (n(y), ¢(y)) is
measurable and equivariant. Furthermore, if
X ={g(y): g€ G} CZx YC®.Then
(X, G) is a minimal almost one-to-one extension of (Z, G)
through the projection on the first coordinate 7 : X — Z. In
particular,

7 Hr(v)} = {¥ (%)}
P(Y) S X,
The system (X, G) is Cantor if (Y, G) is.
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Sketch of the proof

e )" is injective.

e For each € M(X, G), we have p((Y)) =1 (0 is surjective).
e * : M(Y,G) — M(X, G) is an affine bijection.

e If Y is a Cantor set, then 9* is an homeomorphism.



Test of amenability

Corollary (C., Gémez 2024)

Let G be a non-amenable residually finite group. Then for every
minimal equicontinuous Cantor system (Z, G) having a free orbit,
there exists a Toeplitz G-subshift with no invariant probability
measures, whose maximal equicontinuous factor is (Z, G).
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Realization of non-empty sets of measures.

m If non-empty, M(X, G) is a metrizable Choquet simplex: a
compact, convex, and metrizable subset K of a locally convex
vector space, such that for every x € K there exists a unique
probability measure v supported on the extreme points of K,
such that [ fdv = f(x), for every continuous linear functional
f.

m Example: finite dimensional simplices, Poulsen simplex (the
extreme points are dense)

m Q3: If K is a metrizable Choquet simplex, is there a
dynamical system (X, G) such that K = M(X, G)?
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What is known about the realization of Choquet simplices?

1. Restrictions depending on G (Glasner, Weiss 97).

2. G amenable + residually finite, then for every metrizable
Choquet simplex K there exists a minimal aperiodic
dynamical system (X, G) such that M(X,G) = K
(Downarowicz 1991; C., Petite 2014).

3. Q4: If G is amenable and non-residually finite? (something in
Frej,Huczek 2018; C, Cecchi 2019).

4. Q5: If G is non-amenable? (something in Elek 2021; Cecchi,
C, Gémez 2024).

5. The dynamical systems in 2. belong to the family of Toeplitz
subshifts.



The non-amenable case: realization of non-empty
simplices.

Theorem (Cecchi, C., Gémez 2024)

If G is a residually finite group and (I'p)nen is a decreasing
sequence of normal finite index subgroups of G with trivial
intersection, then for every r > 1, there exists an aperiodic
Toeplitz subshift (X, G) such that

(X, G) is an almost 1-1 extension of the G-odometer
associated to (') pen-

(X, G) has at least r different ergodic measures vy, -+ ,v,.

(X, G,vj) is conjugate in measure to the G-odometer
associated to (I'p)pen, for every 1 < <.
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Questions:

Suppose that G is non-amenable and residually finite.

m Which are the simplices that correspond to the space of
invariant probability measures of Toeplitz G-subshift? (some
obstructions: groups with property T.)

m Are the invariant measures of a Toeplitz G-subshifts always
the limit of periodic measures? (for a class of non-amenable
residually finite groups, it is not true that for arbitrary systems,
any invariant measures is the limit of periodic measures).

m Is there a Toeplitz G-subshift on the alphabet {0, 1} with no
invariant measures? (control on the size of the alphabet).

m More applications of the almost 1-1 extensions of
Furstenberg-Weiss type.



Gracias!!!
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