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Partial rigidity N

Definition (X, X, u, T) is partially rigid if there exists & > 0 and a sequence
(nk)ken such that

lilfninf wWANT "A) > du(A) forall Ae X

e 0 is a constant of partial rigidity.

e (nk)ken is a partial rigidity sequence.

Proposition (X, X, u, T) partially rigid (it non-atomic) implies p is not mix-
ing.

Special case: The system is rigid whenever § =1, in that case

klim wWANT "A)=pu(A) forall AecX.
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Partial rigidity N

Examples:

e Equicontinuous systems are rigid
e Substitution subshifts are partially rigid (Dekking 1978)
e Interval exchanges transformations are partially rigid (Katok 1980)

e Linearly recurrent subshifts are partially rigid (Cortez, Durand, Host, Maass,
2003)

e Cantor sytems of finite exact rank are partially rigid (Bezuglyi, Kwiatkowski,
Medynets and Solomyak 2013 - Danilenko 2016)

e Non-superlinear complexity subshifts are partially rigid (Creutz 2022)
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Partial rigidity N

Definition
Ou(T) =sup{d > 0|5 is a constant of partial rigidity}

is the partial rigidity rate.

Sometime we just write J,,.

Proposition For (X, X,u, T) and (Y,),V,S)

e If X and Y are isomorphic then 8,.(T) = d+(S)
o If t: X — Y afactor 6,.(T) < d+(S)
o 6u><u(T X T) — (5LL(T))2
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e Consider A, a finite alphabet,
e A" the set of (finite) words with letters in A,
e 0: A* — B is a morphism if it is a morphism for the concatenation that is

o(wiwz -+ - we) = o(wi)o(we) - - o(we)

for wi,...,wp € A.

e A sequence of morphism 0 = (0,: A;.1 — A} )nen is called a directive
sequence. We assume o will be primitive and recognizable.

e For w =wiws - w, |w| = is the length of w.

e A directive sequence has constant-length if |0,(a)| = |on(a’)] for all
a,a’ € Apy1, n€N.

e Fixing n,

£ (o) ={w € A’ | w appears in o) (a) for N> nya € Ay}
where oy, y)(a) = 0n0---00on_1(a) and

X = {x € AZ| every finite word of x is in £ (o)}

e The S-adic subshift given by o is X = X,
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If 0 =0: A" = A" X; is a substitution subshift,

Example: Thue-Morse substitution:

0—01
1— 10

The elements of X, locally look like,

01

0110

01101001

0110100110010110

01101001100101101001011001101001
0110100110010110100101100110100110010110011010010110100110010110
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e For a (primitive) directive sequence o, (Xs, S) is minimal dynamical system
where for x € X,
(Sx)k = xk+1 for all k € Z

e There is a one-to-one correspondence between the invariant measures of X
and X" for all n € N,

The idea is that for x € X thereis y € X((y"j such that
%= Sj((rm,,,)(y)) for some j € Z

An invariant measure (" constructed as an empirical measure in the orbit of
y will induce an empirical measure in the orbit of x.
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Theorem Let 0 = (0,: Ay 1 — Aj)nen be a constant length directive se-
quence. Let p be an ergodic measure on Xs. Then

8. = lim sup > W)
e=2 w: |wl=L, wi=w,

Moreover, if (£n)nen is a sequence of integers (posibly constant), with £, > 2
for all n € N, such that

— i (n)
8y = lim > ww) ),
w: lwl=Lp, wi=w,

then the partial rigidity sequence is ((¢, — 1) - |070,n)|) nen.



Substitution subshifts N

Corollary Let 0: A* — A* be a constant-length substitution and i the unique
invariant measure of Xg.

O, =sup Z u(w)
vz w: (wl=0, wi=wy



Substitution subshifts N

Corollary Let 0: A* — A* be a constant-length substitution and i the unique
invariant measure of Xg.

O, =sup Z u(w)
vz w: (wl=0, wi=wy

Remark: Fixing u € A*, j > |u],

w(lul N S ) = Z w(uwu)

w |wl=j—|u|



Substitution subshifts N

Corollary Let 0: A* — A* be a constant-length substitution and i the unique
invariant measure of Xg.

5u—sup{ > H(W)}-

>2
= w: (wl=0, wi=wy

Remark: Fixing u € A*, j > |u],
w(lul N S ) = Z w(uwu)
w: lwl=j—|ul
Example, Thue-Morse:
0110100110010110100101100110100110010110011010010110100110010110
lo
0110100110010110100101100110100110010110011010010110100110010110
lo
0110100110010110100101100110100110010110011010010110100110010110

© 10



Substitution subshifts N

Corollary Let 0: A — A" be a constant-length substitution and 1 the unique
invariant measure of Xg.

Oy =sup Z p(w)
=2 w: |w|=L, wi=wp

Remark: Fixing u € A*, j > |ul,

w(lul N S u)) = Z w(uwu)
w: |w|=j—]|ul

Example, Thue-Morse u =01 :
0110100110010110100101100110100110010110011010010110100110010110

lo
0110100110010110100101100110100110010110011010010110100110010110
lo
1010011001/ 01 |1010010110. ........ 01101001 ]0110100110] 01 [0110
— —
i i

© 11



Proposition For the Thue-Morse substitution subshift:

2
5. ==
HT 3

with partial rigidity sequence (3 - 2")pen



Proposition For L > 6, let (;: {a, b}* — {a, b}" be the substitution given by
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Proposition For L > 6, let (;: {a, b}* — {a, b}" be the substitution given by

Cu(a) = ab"t
Cu(b) = ba"

then for the invariant measure of the substitution subshift Xz,

L—1
= —=
P LA

with partial rigidity sequence (L") en

Corollary For every § € (0, 1] there is a measure preserving system (X, X, u, T)
such that & = 8,.(T).



System with 0 < §,, < ... <§,,, <1
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Recall:

Theorem Let 0 = (0,: Asy 1 — Aj)nen be a constant length directive se-
quence. Let u be an ergodic measure on Xs. Then

8 = lim sup > o W w)
=2 w: |lw|=C, wi=wp

Corollary Let 0 = (0,: A1 — Aj)nen be a constant length directive se-
quence. Let u be an ergodic measure on Xs. Then

5u(”‘ =08, forallneN

115
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Corollary Let 0 = (04: Aj; 1 — Aj)nen be a constant length directive se-
quence. Let p be an ergodic measure on Xs. Then

dm =du forall ne N

Idea: for a constant length S-adic subshift and p ergodic measure,

e if we know 6;1(5) we know &,
o if we know 6u‘1°°) we know 9§,
o if we know 5H(10000) we know 9§,

e if we know 6H(w)???? we know d,,.

© 16
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Notation:
/\d = {ao, bo, ai, bl, ceeydd—1, bdfl}

Let k: Aj — A} the function (not morphism) such that u € A},

kK(ua;) = vai+1  and  k(ubi) = ubi+1

Let {t;: {a;, bi}* — {a;, bi}* | i =0,...,d — 1} be a collection of substitution,

Define 0 = I'(to, ..., Td—1): Ay — A} be given by

for all i € {0,...,d — 1}, the glued substitution.

© 17
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Example: d =2, 19: {a0, bo}* — {ao, bo}* and t1: {a1, b1}* — {a1, b1}™ :

To(ao) = aohoboao To(bo) = boaoaobo,
Ti(a1) = aiaiaibi Ti(b1) = bibibiay.
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Example: d =2, 19: {a0, bo}* — {ao, bo}* and t1: {a1, b1}* — {a1, b1}™ :

To(ao) = aohoboao To(bo) = boaoaobo,
Ti(a1) = aiaiaibi Ti(b1) = bibibiay.

Then o =T'(Tto,T1): A3 — A3,

O'(ao) = aoboboal O'(bo) = boaoaobl
o(a1) =aiaaibo o(b1) = bibibiao

And ¢’ =T(13,713): A = A}

0'(a0) = aoboboaoboaoaoboboaoaoboaoboboar
G/(bo) = boaoao boao bo boaoao bo boao boaoao b1
0'/(31) = a1a1alb1313131b131a131b1b1b1b130
0'(b1) = bibibiaibibibiaibibybiaiaiararbo

© 18
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Theorem 7;: {aj, bj}* — {aj, bi}* for i =0,...,d —1,

|til =€ for some £ > 2
Let 0 = (04: Ay — Aj)nen given by
o =TT, ..., T3 ).

Then the S-adic subshift (Xs,S) is minimal and has d ergodic measures
oy - - - y Hd—1 such that for every i € {0,...,d — 1}

lim u}")(w) =vi(w) forall w € {aj, bi}"

n—oo

where v; is the unique invariant measure of Xx,.
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Corollary Under the same assumptions,
Ov; < By,

forall i €{0,...,d —1}.

Can we achieve equality?
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Recall For L > 6, i=0,...,d —1,

B 2
(0iv1(a) = ab

i+1
> —

CLzﬂl(b) = ba 1»
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Recall For L > 6, i=0,...,d —1,

B 2
(0iv1(a) = ab

i+1
pae

C,oiv1(b) = ba Y

d—i
Fixing T = (0,11 with i =0,...,d — 1,

© 21
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Recall For L > 6, i=0,...,d —1,

d—i
Fixing T = (0,11 with i =0,...,d — 1,

Theorem o = (M(t5™,...,T5™1): Af — Aj)nen. Then,
L2i+1 - 1
S = o
L2 +1

Moreover, the partial rigidity sequence associated to dy; is (|o(,n[)nen (in
particular they are equal)



jGracias!




