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Partial rigidity

Definition (X ,X , µ,T ) is partially rigid if there exists δ > 0 and a sequence

(nk)k∈N such that

lim inf
k→∞ µ(A ∩ T−nkA) ≥ δµ(A) for all A ∈ X

• δ is a constant of partial rigidity.

• (nk)k∈N is a partial rigidity sequence.

Proposition (X ,X , µ,T ) partially rigid (µ non-atomic) implies µ is not mix-

ing.

Special case: The system is rigid whenever δ = 1, in that case

lim
k→∞µ(A ∩ T−nkA) = µ(A) for all A ∈ X .
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Partial rigidity

Examples:

• Equicontinuous systems are rigid

• Substitution subshifts are partially rigid (Dekking 1978)

• Interval exchanges transformations are partially rigid (Katok 1980)

• Linearly recurrent subshifts are partially rigid (Cortez, Durand, Host, Maass,

2003)

• Cantor sytems of finite exact rank are partially rigid (Bezuglyi, Kwiatkowski,

Medynets and Solomyak 2013 - Danilenko 2016)

• Non-superlinear complexity subshifts are partially rigid (Creutz 2022)
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Partial rigidity

Definition

δµ(T ) = sup{δ > 0 | δ is a constant of partial rigidity}

is the partial rigidity rate.

Sometime we just write δµ.

Proposition For (X ,X , µ,T ) and (Y ,Y, ν, S)

• If X and Y are isomorphic then δµ(T ) = δν(S)

• If π : X → Y a factor δµ(T ) ≤ δν(S)

• δµ×µ(T × T ) = (δµ(T ))2
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Can we compute δµ?



S-adic subshift

• Consider A, a finite alphabet,

• A∗ the set of (finite) words with letters in A,

• σ : A∗ → B∗ is a morphism if it is a morphism for the concatenation that is

σ(w1w2 · · ·wℓ) = σ(w1)σ(w2) · · ·σ(wℓ)

for w1, . . . ,wℓ ∈ A.

• A sequence of morphism σ = (σn : A
∗
n+1 → A∗

n)n∈N is called a directive

sequence. We assume σ will be primitive and recognizable.

• For w = w1w2 · · ·wℓ, |w | = ℓ is the length of w .

• A directive sequence has constant-length if |σn(a)| = |σn(a
′)| for all

a, a ′ ∈ An+1, n ∈ N.
• Fixing n,

L(n)(σ) = {w ∈ A∗
n | w appears in σ[n,N)(a) for N > n, a ∈ AN }

where σ[n,N)(a) = σn ◦ · · · ◦ σN−1(a) and

X
(n)
σ = {x ∈ AZ

n | every finite word of x is in L(n)(σ)}.

• The S-adic subshift given by σ is X
(0)
σ = Xσ

© 6
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S-adic subshift

If σ ≡ σ : A∗ → A∗ Xσ is a substitution subshift,

Example: Thue-Morse substitution:

0 7→ 01

1 7→ 10

The elements of Xσ locally look like,

01

0110

01101001

0110100110010110

01101001100101101001011001101001

0110100110010110100101100110100110010110011010010110100110010110

© 7
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S-adic subshift

• For a (primitive) directive sequence σ, (Xσ,S) is minimal dynamical system

where for x ∈ Xσ,

(Sx)k = xk+1 for all k ∈ Z

• There is a one-to-one correspondence between the invariant measures of Xσ

and X
(n)
σ for all n ∈ N.

The idea is that for x ∈ Xσ there is y ∈ X
(n)
σ such that

x = S j (σ[0,n)(y)) for some j ∈ Z

An invariant measure µ(n) constructed as an empirical measure in the orbit of

y will induce an empirical measure in the orbit of x .

© 8



S-adic subshift

• For a (primitive) directive sequence σ, (Xσ,S) is minimal dynamical system

where for x ∈ Xσ,

(Sx)k = xk+1 for all k ∈ Z

• There is a one-to-one correspondence between the invariant measures of Xσ

and X
(n)
σ for all n ∈ N.

The idea is that for x ∈ Xσ there is y ∈ X
(n)
σ such that

x = S j (σ[0,n)(y)) for some j ∈ Z

An invariant measure µ(n) constructed as an empirical measure in the orbit of

y will induce an empirical measure in the orbit of x .

© 8



S-adic subshift

• For a (primitive) directive sequence σ, (Xσ,S) is minimal dynamical system

where for x ∈ Xσ,

(Sx)k = xk+1 for all k ∈ Z

• There is a one-to-one correspondence between the invariant measures of Xσ

and X
(n)
σ for all n ∈ N.

The idea is that for x ∈ Xσ there is y ∈ X
(n)
σ such that

x = S j (σ[0,n)(y)) for some j ∈ Z

An invariant measure µ(n) constructed as an empirical measure in the orbit of

y will induce an empirical measure in the orbit of x .

© 8



Constant-length S-adic subshift

Theorem Let σ = (σn : A
∗
n+1 → A∗

n)n∈N be a constant length directive se-

quence. Let µ be an ergodic measure on Xσ. Then

δµ = lim
n→∞ sup

ℓ≥2

 ∑
w : |w |=ℓ, w1=wℓ

µ(n)(w)

 .

Moreover, if (ℓn)n∈N is a sequence of integers (posibly constant), with ℓn ≥ 2

for all n ∈ N, such that

δµ = lim
n→∞

 ∑
w : |w |=ℓn, w1=wℓn

µ(n)(w)

 ,

then the partial rigidity sequence is ((ℓn − 1) · |σ[0,n)|)n∈N.

© 9
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Substitution subshifts

Corollary Let σ : A∗ → A∗ be a constant-length substitution and µ the unique

invariant measure of Xσ.

δµ = sup
ℓ≥2

 ∑
w : |w |=ℓ, w1=wℓ

µ (w)

 .

Remark: Fixing u ∈ A∗, j > |u|,

µ([u] ∩ S j [u]) =
∑

w : |w |=j−|u|

µ(uwu)

Example, Thue-Morse:

0110100110010110100101100110100110010110011010010110100110010110↓ σ

0110100110010110100101100110100110010110011010010110100110010110↓ σ

0110100110010110100101100110100110010110011010010110100110010110
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Substitution subshifts

Corollary Let σ : A∗ → A∗ be a constant-length substitution and µ the unique

invariant measure of Xσ.

δµ = sup
ℓ≥2

 ∑
w : |w |=ℓ, w1=wℓ

µ (w)

 .

Remark: Fixing u ∈ A∗, j > |u|,

µ([u] ∩ S j [u]) =
∑

w : |w |=j−|u|

µ(uwu)

Example, Thue-Morse u = 01 :

0110100110010110100101100110100110010110011010010110100110010110↓ σ

0110100110010110100101100110100110010110011010010110100110010110↓ σ

01 1010011001 01︸ ︷︷ ︸
j

1010010110 . . . . . . . . . 011010 01 0110100110 01︸ ︷︷ ︸
j

0110

© 11



Values

Proposition For the Thue-Morse substitution subshift:

δµ =
2

3

with partial rigidity sequence (3 · 2n)n∈N
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Values

Proposition For L ≥ 6, let ζL : {a, b}
∗ → {a, b}∗ be the substitution given by

ζL(a) = abL−1

ζL(b) = baL−1,

then for the invariant measure of the substitution subshift XζL

δµ =
L − 1

L + 1

with partial rigidity sequence (Ln)n∈N

Corollary For every δ ∈ (0, 1] there is a measure preserving system (X ,X , µ,T )

such that δ = δµ(T ).
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System with 0 < δµ0
< . . . < δµd−1

< 1



Partial rigidity rates

Recall:

Theorem Let σ = (σn : A
∗
n+1 → A∗

n)n∈N be a constant length directive se-

quence. Let µ be an ergodic measure on Xσ. Then

δµ = lim
n→∞ sup

ℓ≥2

 ∑
w : |w |=ℓ, w1=wℓ

µ(n)(w)

 .

Corollary Let σ = (σn : A∗
n+1 → A∗

n)n∈N be a constant length directive se-

quence. Let µ be an ergodic measure on Xσ. Then

δµ(n) = δµ for all n ∈ N
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Partial rigidity rates

Corollary Let σ = (σn : A∗
n+1 → A∗

n)n∈N be a constant length directive se-

quence. Let µ be an ergodic measure on Xσ. Then

δµ(n) = δµ for all n ∈ N

Idea: for a constant length S-adic subshift and µ ergodic measure,

• if we know δµ(5) we know δµ,

• if we know δµ(100) we know δµ,

• if we know δµ(10000) we know δµ,

• if we know δµ(∞)???? we know δµ.
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Partial rigidity rates

Notation:
Λd = {a0, b0, a1, b1, . . . , ad−1, bd−1}

Let κ : Λ∗
d → Λ∗

d the function (not morphism) such that u ∈ Λ∗
d ,

κ(uai ) = uai+1 and κ(ubi ) = ubi+1

Let {τi : {ai , bi }
∗ → {ai , bi }

∗ | i = 0, . . . , d − 1} be a collection of substitution,

Define σ = Γ(τ0, . . . , τd−1) : Λ
∗
d → Λ∗

d be given by

σ(ai ) = κ(τi (ai ))

σ(bi ) = κ(τi (bi ))

for all i ∈ {0, . . . , d − 1}, the glued substitution.
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Partial rigidity rates
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Partial rigidity rates

Example: d = 2, τ0 : {a0, b0}
∗ → {a0, b0}

∗ and τ1 : {a1, b1}
∗ → {a1, b1}

∗ :

τ0(a0) = a0b0b0a0 τ0(b0) = b0a0a0b0,

τ1(a1) = a1a1a1b1 τ1(b1) = b1b1b1a1.

Then σ = Γ(τ0, τ1) : Λ
∗
2 → Λ∗

2 ,

σ(a0) = a0b0b0a1 σ(b0) = b0a0a0b1
σ(a1) = a1a1a1b0 σ(b1) = b1b1b1a0

And σ ′ = Γ(τ20, τ
2
1) : Λ

∗
2 → Λ∗

2

σ ′(a0) = a0b0b0a0b0a0a0b0b0a0a0b0a0b0b0a1
σ ′(b0) = b0a0a0b0a0b0b0a0a0b0b0a0b0a0a0b1
σ ′(a1) = a1a1a1b1a1a1a1b1a1a1a1b1b1b1b1a0
σ ′(b1) = b1b1b1a1b1b1b1a1b1b1b1a1a1a1a1b0
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Partial rigidity rates

Theorem τi : {ai , bi }
∗ → {ai , bi }

∗ for i = 0, . . . , d − 1,

|τi | = ℓ for some ℓ ≥ 2

Let σ = (σn : Λ
∗
d → Λ∗

d )n∈N given by

σn = Γ(τn+1
0 , . . . , τn+1

d−1).

Then the S-adic subshift (Xσ,S) is minimal and has d ergodic measures

µ0, . . . , µd−1 such that for every i ∈ {0, . . . , d − 1}

lim
n→∞µ

(n)
i (w) = νi (w) for all w ∈ {ai , bi }

∗

where νi is the unique invariant measure of Xτi .
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Partial rigidity rates

Corollary Under the same assumptions,

δνi ≤ δµi

for all i ∈ {0, . . . , d − 1}.

Can we achieve equality?
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Partial rigidity rates

Recall For L ≥ 6, i = 0, . . . , d − 1,

ζ
L2

i+1 (a) = abL2
i+1

−1

ζ
L2

i+1 (b) = baL
2i+1

−1,

Fixing τi = ζ2
d−i

L2
i+1 with i = 0, . . . , d − 1,

Theorem σ = (Γ(τn+1
0 , . . . , τn+1

d−1) : Λ
∗
d → Λ∗

d )n∈N. Then,

δµi =
L2i+1

− 1

L2i+1 + 1

Moreover, the partial rigidity sequence associated to δµi is (|σ[0,n)|)n∈N (in

particular they are equal)
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¡Gracias!


