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Landis conjecture (late 60s)

Conjecture (Landis (late 60s))

Let Q = RN or an exterior domain, and || V|| s (q) < 1.
If u solves the Schrédinger equation

(A +V)p=0 inQ, and

u(x) = O(e_k|x|) as x — oo, for some k > 1, then u = 0.
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Historical review

@ Meshkov (1991) disproved the conjecture for a complex-valued
potential V and N =2 with u = ek, Moreover, u = 0 if

u= o(e_|X|4/3+€) (cf. Froese-Herbst-2Hoffmann-Ostenhoff (82))
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Historical review

@ Meshkov (1991) disproved the conjecture for a complex-valued
potential V and N =2 with u = ek, Moreover, u = 0 if
u= o(e_|X|4/3+€). (cf. Froese-Herbst-2Hoffmann-Ostenhoff (82))

e What about the case of real-valued V7
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Historical review

Meshkov (1991) disproved the conjecture for a complex-valued
potential V and N =2 with u = ek, Moreover, u = 0 if

u= o(e_|X|4/3+s). (cf. Froese-Herbst-2Hoffmann-Ostenhoff (82))
What about the case of real-valued V7

Bourgain/Kenig (2005) N =2. u = o(e_c|x|4/3 logx]) — 4 = 0.
Kenig (2005) asked a weaker question: u = o(e™X""") = u = 07
Kenig/Silvestre/Wang ('15) N=2, V>0, u=o(e *I'eIxl) = y=0.
N = 2, general £L: Davey, Davey/Kenig/Wang, Kenig/Wang,
Logunov/Malinnikova /Nadirashvili/Nazarov,

N > 2, general L. Arapostathis/Biswas/Ganguly, L. Rossi (proved the
1d and radial cases), Sirakov/Souplet.

For n > 3 almost all the results assume that £>0 at least outside a
compact set.

Results in the discrete setting: Fernandez-Bertolin/Roncal/Stan,
Jaming/Lyubarskii/Malinnikova/Perfekt, and Das/Keller/Pinchover
o = = = = N
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Preliminaries

Definition (Nonnegativity of operators and (sub)criticality)
Let Q ¢ RN be a domain. An elliptic operator £ of the divergence form

Ly = —div [(A(X)VQD + (,OE(X))} + b(x) - Vi + c(x)ep, x €Q,
is nonnegative in Q (in short, £ > 0) if the equation L = 0 admits a
weak positive (super)solution in Q.
L > 0 is subcritical in Q if there exists W > 0 such that £L— W >0 in Q.

Such a function W is called a Hardy-weight for £ in Q2. The operator L is
critical in Q if £ >0 in €, but £ is not subcritical in €.

v
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Preliminaries

Definition (Nonnegativity of operators and (sub)criticality)
Let Q ¢ RN be a domain. An elliptic operator £ of the divergence form

Ly = —div [(A(X)VQD + (,OE(X)):| + b(x) - Vi + c(x)ep, x €Q,
is nonnegative in Q (in short, £ > 0) if the equation L = 0 admits a
weak positive (super)solution in Q.
L > 0 is subcritical in Q if there exists W > 0 such that £L— W >0 in Q.

Such a function W is called a Hardy-weight for £ in Q2. The operator L is
critical in Q if £ >0 in €, but £ is not subcritical in €.

L is subcritical <= £ admits minimal positive Green function;
L is critical <= £ admits an Agmon ground state <= L admits a
unique positive supersolution (strong positive Liouville theorem).
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Preliminaries

Definition (Nonnegativity of operators and (sub)criticality)
Let Q ¢ RN be a domain. An elliptic operator £ of the divergence form

L= —div [(AX)Vp + 9b(x)| + b(x) - Vo + c(x)p,  x€Q,
is nonnegative in Q (in short, £ > 0) if the equation L = 0 admits a
weak positive (super)solution in Q.

L > 0 is subcritical in Q if there exists W > 0 such that £L— W >0 in Q.
Such a function W is called a Hardy-weight for £ in Q2. The operator L is
critical in Q if £ >0 in €, but £ is not subcritical in €.

L is subcritical <= £ admits minimal positive Green function;
L is critical <= £ admits an Agmon ground state <= L admits a
unique positive supersolution (strong positive Liouville theorem).

Both funtctions are positive solutions of minimal growth near cog, where
oogq is the ideal point in the one-point compactification of €.
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Liouville comparison principle (YP, 2007)

Theorem
Let Q ¢ RN be a domain and

Hi = Pk + Vik = =V - (AV) + Vi,

be nonnegative Schrodinger-type operators in 0, where Ay are symmetric,
locally bounded and locally uniformly elliptic matrices.

k=1,2,
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Liouville comparison principle (YP, 2007)

Theorem
Let Q ¢ RN be a domain and

Hk::Pk—i-Vk:—V'(AkV)—FVk, k:1,2,

be nonnegative Schrodinger-type operators in S, where Ay are symmetric,
locally bounded and locally uniformly elliptic matrices.

Assume that the following assumptions hold true.

(i) The operator Hy is critical in Q with its Agmon ground state Wy, .
(i) There exists ®; € W-2(Q) such that Hy®y < 0 in Q, and &5 # 0.
(iii) (®3)%(x)Azx(x) < C\Uf_,l(x)Al(x) a.e. in Q.
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Liouville comparison principle (YP, 2007)

Theorem
Let Q ¢ RN be a domain and

Hk::Pk—i-Vk:—V'(AkV)—FVk, k:1,2,

be nonnegative Schrodinger-type operators in S, where Ay are symmetric,
locally bounded and locally uniformly elliptic matrices.

Assume that the following assumptions hold true.

(i) The operator Hy is critical in Q with its Agmon ground state Wy, .
(i) There exists ®; € W-2(Q) such that Hy®y < 0 in Q, and &5 # 0.
(iii) (®3)%(x)Azx(x) < C\Uf_,l(x)Al(x) a.e. in Q.

Then Hs is critical in 2, and ®5 >0 is its Agmon ground state.
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Landis-type theorem in the symmetric case

Theorem

Let Q be a domain in RN, N > 1. Consider two nonnegative
Schrodinger-type operators

Hy = P+ Vi = —diV(AkV) + V>0 k=12
@ Suppose that Hy is critical in  with an Agmon ground state Wy, .
o Let W > V), outside a compact set in Q.

o Letue Wli’CZ(Q) be a solution of the equation Hxp =0 in Q, s.t.

lu]2A; < CKII%_,IA;L inQ, and IiminfM
<Doc Geprw ()
where Gp,w is a positive solution of minimal growth of
(P2 + W)@ = 0 in a neighborhood of coq.
Then u = 0.

=),
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Proof.

WLOG, assume that u™ # 0. By the Liouville comparison principle, H> is
critical and u = u* > 0 is its Agmon ground state.
Now, since u > 0 and W > V5 near ooq, it follows that

(P2 + W)u=Hyu+ (W — Vo)u= (W — Vo)u >0 near ooq.

So, u is a positive supersolution of (P> + W )¢ = 0 near coq. As Gp,+w
is a positive solution of minimal growth near oo of the same equation, we
conclude that u > CGp,w near coq for some C > 0. This contradicts
our assumption

|u(x)]

liminf ——~2__ = 0.
x=o0q Gp,+w(X)

Therefore, u = 0. ]
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Back to Landis Conjecture in RV

Corollary

Let H= —A + V be a nonnegative Schrédinger operator in RN, where

V < 1. Ifue WEA(RN) is a solution of the equation Hy = 0 in RV
satisfying

()= A N0 e
u\Xx)| = as |x (0. ¢]

0 (X@EM2) N2, ’

and  liminf |U(X)”X|(N—1)/2 =0,
[x]—00 e_|X‘
then u = 0.
.
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The linear nonsymmetric case

Theorem

Let L be an elliptic operator in divergence form. Assume that £ > 0 in 2.
Let u e Wli’cz(Q) be a solution of the equation Ly = 0 in Q such that

_ L Ju()]
lul = O(Gg) as x — ocoq  and I;T};Qg: e (x) =0,

where G is a positive solution of the equation Lo = 0 of minimal growth
near coq.

Then u = 0.
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The linear nonsymmetric case (stronger version)

Theorem

Assume that £ > 0 in Q, where L is of divergence form. Let W > 0 be a

critical Hardy-weight for £ with Agmon ground state V,_\y, and consider
a potential V s.t. V. 4+ W >0 in .

Let u be a solution of the equation (L + V) = 0 in Q such that

luf=O0(V,_w) as x — o0q, and 'x@é?gf\lflu_(—% -0

Then u = 0.

Yehuda Pinchover (Technion) The Landis conjecture PUC-Rio, 2024 10 / 14



Application

Let L= —A+ 1+ YV be a subcritical operator in RN, where Vy, is a
short range potential. The minimal Green function G of L satisfies

e_‘x‘
|X|(N71)/2

Moreover, there exists a positive solution ® of L[] = 0 in RN such that

Gr(x) =

as |x| — oo.

x|

d(x) = X[z as |x] — 00.
Let W -— E(\/\/@) Vo w:=vGr® =< |x’ . Since lim x| =00 Gr/®=0,

hence W ,_y is Agmon g.s. of the critical operator L — W .

v
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Application

Let L= —A+ 1+ YV be a subcritical operator in RN, where Vy, is a
short range potential. The minimal Green function G of L satisfies

e_‘x‘
’X|(N71)/2

Moreover, there exists a positive solution ® of L[] = 0 in RN such that

Gr(x) =

as |x| — oo.

x|

*0) = T 35|X’_>°O'
et W — L%Qfg?)l V. wi=Gr® = |x] Smcellm|x|_>oogc/q> 0,

hence V,._y is Agmon g.s. of the critical operator L — W.
If u is a solution of (L + V)[¢]=0 in RN, where V + W >0 and

7]_)

(1=N) L.
lu(x)| =0 (]x\ 2 ) as |x| — oo, and liminf|u(x) =0,
[x|—00

then u = 0.

v
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Exterior domains

Theorem
Suppose that L > 0 in Q\ K for some K € (2, and satisfies the unique
continuation property in Q.

Let u be a solution of Lo = 0 in Q such that u has constant sign in a
neighborhood of 0K, and

_ . o]
|uf = O(Gz) as x — &oq, and I;E;_gg G2(x) =0,

where Gg is a positive solution of the equation Ly = 0 of minimal growth
at coq. Then u=0.

v
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Conclusion remarks

@ In the selfadjoint case we are left with two challenging cases: either
(a) infoess(H) < 0 (0 is an embedded eigenvalues), or

(b) inf oess(H) = 0 and the Morse index of H is not finite (H admits
infinitely many negative eigenvalues).

@ Using a Liouville comparison principle for quasilinear operators of the
form

Qlp] == —div(|Vela JA)Ve) + V]plP e

we prove Landis-type results for solutions u of Q[p] = 0.

@ Together with Matthias Keller and Ujjal Das, we study Landis
conjecture for nonnegative Schrodinger-type operators and quasilinear
operators on infinite discrete graphs.
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Thank you for your attention!




