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Our problem



Bi-Laplacian

Our interest is

Examine the regularity of weak solutions to the semi-linear bi-Laplacian equation
A%u = f(x,u,Du) in Q

where Q C R? is a bounded smooth domain, and the right-hand side is a function
f:Q xR xRY— R satisfying a polynomial growth condition.



Bi-Laplacian

Our interest is
Examine the regularity of weak solutions to the semi-linear bi-Laplacian equation

A%u = f(x,u,Du) in Q

where Q C R? is a bounded smooth domain, and the right-hand side is a function
f:Q xR x RY— R satisfying a polynomial growth condition. That is,

[F(x, . P)| < () + € (Irl* + 1pI7) .

where h € L9(Q) and a, 8 € [L,2).



Strategy



We write the fourth-order PDE as a system of two second-order equations.
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We write the fourth-order PDE as a system of two second-order equations.

A(Au) = f(x, u, Du) implies

This strategy is inspired by ideas introduced in the works of L. C. Evans [2003; 2009]
and D. A. Gomes and H. S. Morgado [2014].



Aucxiliary results



Sobolev regularity for very weak solutions

Theorem (Sobolev regularity for very weak solutions)

Fix1<s<oc. Let w € Lj, () be a very weak solution to
Aw=g in Q,

with g € L3 (), then Dw € W,i’CS(Q). Ifwe L3 (Q), thenw € W,ics(Q) Moreover,
for Q" € Q' & Q, there exists C > 0 such that

IWlwesry < € (1wl + lgllisay) -



Lemma

Let u € W29(Q) be a local weak solution to

A%u = f(x,u,Du) in Q,

with g > 2. Then, there exists m € L9(Q2) such that (u, m) is a solution to

Au=m in Q,

Am = f(x, u, Du) in €.



Main result




For better presentation, we set Q = B;.



For better presentation, we set 2 = B;. Suppose the nonlinearity satisfies the growth
condition

[#(xr.p) < h0) + € (Irl” + 1p1%)

where h € L9(By), and fixed constants C > 0 and
a,f € [1,2).

Suppose further that
max (« ,[5’) <g<d.



Regularity estimates

Theorem (A.-Pimentel-Urbano, 2024)
Let 2 < g < d and u € W?9(By) be a local weak solution to

A2y = f(x,u,Du) in By. (1)
Then u € C2(By) for
J::2—W € (0,1).

Moreover, there exists C > 0 such that

Jollca=(s, 0 < € (Ihlesimy + Iel2455) -



Set
q

~ max (o, B)’

so by our assumptions we have s € (%, d].



Set
. q

- max(a, §)’
so by our assumptions we have s € (g, d]. Moreover, for By/1o € B; it follows from

the growth condition that

1 G s D)l sy 0y < € (Il sy + Nulascan))



Using our approach, we can apply the Lemma, which ensures the existence of a
function m € L9(By) such that m is a very weak solution to the Poisson equation

Am = f(x,u,Du) in Bj.
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Using our approach, we can apply the Lemma, which ensures the existence of a
function m € L9(By) such that m is a very weak solution to the Poisson equation

Am = f(x,u,Du) in Bj.

Duo to Proposition, we conclude Dm € W/},’CS(ng/mo)- Since d/2 < s < g, we also
have m € L5(B1) and therefore m € W22 (Bog/100)-



Moreover, there exists C > 0 such that

Imllwes(eyue) < € (Illaen) + lullwaage + lulasea))
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Moreover, there exists C > 0 such that

Imllwes(eyse) < € (10llcagar) + lellweaas + oo
Because of Gagliardo-Nirenberg-Sobolev's embedding theorem, we obtain
m < CO’U(Bg/g), with
d max(a, )
—

o:=2—
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Now we focus on the Poisson equation

Au=m in Bj.
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Now we focus on the Poisson equation
Au=m in Bj.

Because v is an L9-strong solution to this problem, we have u & CZ’U(Bg/g).
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Now we focus on the Poisson equation
Au=m in Bj.

Because v is an L9-strong solution to this problem, we have u € CZ’U(Bg/g). Also, by
Schauder’s theory, there exists a positive constant, such that

lull ez, < € (Illie(y g + Imllcon(sys) -
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To complete the proof, we only need to notice that

HmHCO’”(Ba/g) = € HmHWZ’S(Bs/g)
< CHf('7U7 Du)||L5(Bg/10)
< C(Ihllsqay + Nulpasal)
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A simple consequence - C*-regularity estimates

Corollary (A.-Pimentel-Urbano, 2024) |

Let u € W?9(By) be a weak solution to the (1), with g > 2. Suppose that our
assumptions are in force, with

f(x,r,p) = h(x) + a(x)r + c(x) - p,

where h,a € C®°(B;) and ¢ € C*®(By, R9). Suppose further there exists C > 0 such
that
Al ceo(my) + lallcoo(y) + €l coo(yrey < C-

Then u € C22(Bi). Moreover, for every k € N and every multi-index a with |a| = k,

we have
sup | D%t < € (1+ |l yzagay) ) -

7/6
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Thank you for your attention!
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