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Degenerate logistic type equations

Joint work with L. Maia.
Investigate solutions of the degenerate logistic equation with a general
superlinear nonlinearity

Oru = Au+ Au+ b(x)f(u), (x,t) in Q@ xRT,
ulag =0,

U|t:0 = UO(X).

@ Q is a smooth bounded domain in RN, N > 2
@ A is a real positive parameter,

@ b: QR e L2(Q) satisfies b(x) < 0 and b(x) = 0 in a connected
set Qg CC Q with positive Lebesgue measure and smooth boundary.
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Main goal

@ Exploit the interplay of variational methods with dynamical systems
to analyze the behavior of solutions.

@ Nehari manifold: the existence and non-existence of stationary
solutions. It is used to locate the stationary solutions, and identify
convergence regions of evolutionary trajectories.

@ Detailed picture of the positive dynamics and local behavior of
solutions near a nodal equilibrium.
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dynamics

Motivation |: mathematical model in population

Intermediate prototype model linking Malthus and Verhulst laws of
population dynamics within the same region:
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Motivation |: mathematical model in population
dynamics

Intermediate prototype model linking Malthus and Verhulst laws of
population dynamics within the same region:

Oru = Au+ Au+ b(x)uP~tu, (x,t) in Q xRT,

Models the distribution of a single species in Q

A intrinsic growth rate of u

b(x) crowding effects of population in Q_ = {b(x) < 0}
Qo = {b(x) = 0}: favorable region

DBC: Q is fully surrounded by completely hostile regions

ug initial population distribution
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Heterogeneous environment

Interplay between laws of population dynamics

1. Spatial logistic equation g(x,u) =u,b<0,Q_ = {b(x) <0} =Q

U — Au = Au + b(x)u?

xeN
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Heterogeneous environment

Interplay between laws of population dynamics

1. Spatial logistic equation g(x,u) =u,b<0,Q_ ={b(x) <0} =Q

U — Au = Au + b(x)u?
2. Spatial Malthus equation b =0, Q_

xeN

=0,

x €
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Example: nodal configuration induced by b(x)

eigenvalues o1 and o5).

Lopez-Gémez 05: two components Qg = Qg1 U Qg > (with corresponding first
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Example: nodal configuration induced by b(x)

Limiting profiles of solutions

Qo 2 9, 2 9, Qo 9, 2 9
A<o 6 <A<o
o 0 1
Q. 9, o Q Q_
6 <A<o A>0
1 2 2

Lépez-Gomez 05: oy first eigenvalue of Q: 0¢ < 01 < 05.
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Motivation IlI: metasolutions

@ The limiting profile of u(x, t) as time t — oo becomes infinity in the
refuges.

@ Metasolutions are used to describe the dynamics of classes of
spatially heterogeneous semilinear parabolic problems (ecology).

@ Number of technicalities involved in their study.

» Formal concept of metasolutions: Gémez-Refasco and Lépez-Gémez
02.

» Singular boundary value problems, numerical simulations:
Molina-Meyer and Prieto-Medina 20

» 1D degenerate boundary value problems, existence of nodal solutions:
Lépez-Gomez and Rabinowitz 15
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Some elliptic background

—Au = Xu+ b(x)uPtu, x€Q,

@ b(x) changes sign
» Quyang 92: sub and super solution
» Alama and Tarantello 93 : bifurcation theory, variational methods
» Brown and Zhang 03: Nehari manifold
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Some elliptic background

—Au = Xu+ b(x)uPtu, x€Q,

@ b(x) changes sign
» Quyang 92: sub and super solution
» Alama and Tarantello 93 : bifurcation theory, variational methods
» Brown and Zhang 03: Nehari manifold
@ b(x) <0
> del Pino and Felmer 95: variational methods (linking) for analysis of
multiple solutions
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Some parabolic background

ur — Au = Xu+ b(x)g(x, u)u,

(x,t) in QxRT
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@ Minimal and maximal equilibria, global attractor bounds, sub and
super solutions

» | 6pez-Gémez 05, Rodriguez-Bernal and Vidal-Lopez 08, Arrieta,
Pardo and Rodriguez-Bernal 15
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Some parabolic background

ur — Au = Au+ b(x)g(x, u)u, (x,t) in QxRT

@ Minimal and maximal equilibria, global attractor bounds, sub and
super solutions
» | 6pez-Gémez 05, Rodriguez-Bernal and Vidal-Lopez 08, Arrieta,
Pardo and Rodriguez-Bernal 15

@ Stability of positive and negative stationary solutions

» Kajikiya 12
@ b(x) > 0 with power nonlinearity, or hyperbolic equation
» Gazzola and Weth 05, Sattinger 75

Juliana Fernandes (UFRJ) Degenerate logistic type equations June 26, 2024

10/36



Some parabolic background: asymptoticaly linear

Problems in saturable media

ur — Au = Xu+ f(u), (x,t) in QxR"
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Some parabolic background: asymptoticaly linear

Problems in saturable media

ur — Au = Xu+ f(u), (x,t) in QxR"

(f1) f € C?(R), f odd and

lim —==b, 0< X\ <b;

|u|—mo0 U

(f2) f(s) =o(s) ass—0;

(f3) —~ < f'(s), if s > 0;

(fa) f(s)s —2F(s) >0, if s # 0 and limg_, (s)s — 2F(s) = +o0,
where F(s) = [; f(£)d¢.
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Some parabolic background: asymptoticaly linear

Level curves of the functional
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Some parabolic background: asymptoticaly linear

Level curves of the functional

Nehari manifold N with complementary sets N_ and N,. d is the ground state
energy.
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Some parabolic background: asymptoticaly linear

Evolutionary dynamics
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Some parabolic background: asymptoticaly linear

Evolutionary dynamics

F. and Maia 21
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Degenerate logistic type parabolic equation

Oru = Au+ Au+ b(x)f(u), (x,t) in QxRT

Assume f € C}(R) is odd
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Degenerate logistic type parabolic equation

Oru = Au+ Au+ b(x)f(u), (x,t) in QxR

Assume f € C}(R) is odd

(A) |.mHOE =

(£) Let F(s) = J5 F(£)dt, limssio0 252 = 400;

(f3) fTS) < f'(s), ifs>0

(f2) There exists 2 < g < 2*, a; < 0 and an integer k = {0, 1} such that

F(s)] < ar(1 + [s[9~¢HD).
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Stationary problem: existence and nonexistence
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Stationary problem: existence and nonexistence

Consider the functional / : H}(Q) — R of class C? given by

106) = lulP = 57 [ = [ beoF(ex 1)
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Stationary problem: existence and nonexistence

Consider the functional / : H}(Q) — R of class C? given by

1) = lulP =57 [ = [ beaF(x 1)

Critical points u of the functional are weak solutions of the stationary
problem:

/’(u)v:/Q(Vu-Vv—Auv)dx—/Qb(x)f(u)vdX:O,

for u, v € H}(Q).
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Stationary problem: existence and nonexistence

Nehari manifold

The so called Nehari manifold
N :={uecH}Q):u#0, J(u)=0}

where the functional J: H3(Q2) — R defined by
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Stationary problem: existence and nonexistence
Nehari manifold

The so called Nehari manifold
N :={uecH}Q):u#0, J(u)=0}

where the functional J: H3(Q2) — R defined by

Also take the complementary sets

Ny ={uecHNQ):u#0, Ju)>0}

and
N ={ue HQ):u#0, J(u)<0}

Juliana Fernandes (UFRJ) Degenerate logistic type equations June 26, 2024 16 /36



Stationary problem: existence and nonexistence

Theorem
(i) If Qo =0, then for every X > 0 there exists a unique positive
stationary solution.
(ii) If Qo # O, then for every X < \1(0) there exists a unique positive
stationary solution.
(i) If Qo # 0 and X\ > X1(Syp), the problem admits no positive solution.

v

@ Ouyang 91
@ Alama and Tarantello 93
@ Cardoso, Furtado and Maia 24
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Stationary problem: existence and nonexistence
Fibrering maps

The points in the Nehari manifold N correspond to stationary points of
the maps

Gy t— J(tu)

and so it is natural to divide A/ into three subsets corresponding to local
minima, local maxima and points of inflexion: S*, S~ and S°.
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Stationary problem: existence and nonexistence

Fibrering maps

Theorem (F. and Maia 24)
Suppose f(u) = uP~tu, with1 < p < 2* — 1, 2* = 400, if N = 2, and
2% = 2N/N — 2, if N > 3. Then, for A1(Q) < X < A1 ().
(i) 8°= {0},
(i) S~ =0; and
(iii) ST is bounded,
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Stationary problem: existence and nonexistence
Fibrering maps

Theorem (F. and Maia 24)
Suppose f(u) = uP~tu, with1 < p < 2* — 1, 2* = 400, if N = 2, and
2% = 2N/N — 2, if N > 3. Then, for A1(Q) < X < A1 ().
(i) 8°= {0},
(i) S~ =0; and
(iii) ST is bounded,

Remark: If u € NV, it holds that
e uec Stifandonlyif /(u) <O0;
e ue S ifand only if I(u) > 0;
@ ue S ifand only if /(u) = 0.
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Stationary problem: existence and nonexistence
Ground state solution

Theorem (F. and Maia 24)

IF A1(Q) < XA < A1(Q0), then I is bounded from below in H3(Q), and
there exists a minimizer ¢ > 0 such that I(yp) = d. Additionally, ¢ is

isolated from other stationary solutions with respect to the H}(R)
topology.
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Stationary problem: existence and nonexistence

Projection on Nehari

Lemma

If A1(Q) < X < X\1(Q0) and u € N_ then u is projectable on 8T, i.e.,
there exists t, such that t,u € St. Moreover,

@ /(u)<0
e the set N_ is bounded in H}().
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Stationary problem: existence and nonexistence
Mountain Pass Theorem on A/

Theorem (F. and Maia 24)

Let T(u) := I(u) — d. For @ >0 and —¢ < 0 local minima on S*, then |
satisfies the geometrical hypotheses of the Mountain Pass Theorem on

N.

Moreover 1 satisfies (PS). condition at

= inf /
d ] (v(1)).

where T = {y:[0,1] = N :(0) = @, v(1) = —¢}, and so there exists
a solution u* satisfying I(u*) = d > d.

Juliana Fernandes (UFRJ)
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Stationary problem: existence and nonexistence
Mountain Pass Theorem on A/

Theorem (F. and Maia 24)

Let T(u) := I(u) — d. For @ >0 and —¢ < 0 local minima on S*, then |
satisfies the geometrical hypotheses of the Mountain Pass Theorem on

N.

Moreover 1 satisfies (PS). condition at

= inf /
d ] (v(1)).

where T = {y:[0,1] = N :(0) = @, v(1) = —¢}, and so there exists
a solution u* satisfying I(u*) = d > d.

v

Note that the solution just found may be trivial. The next theorem gives
a sufficient condition in order to obtain a nontrivial min-max solution u*.
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Stationary problem: existence and nonexistence
Sign changing solution

Theorem (F. and Maia 24)

Let X\1(2) < X2(2) < X < A1(f0). Then there exists a mountain pass
solution u* of the stationary problem , which is sign-changing with

energy level d < I(u*) = d < 0. Moreover, u* has Morse index at least
1, and, therefore, it is an unstable solution.

Cardoso, Furtado and Maia 24: general superlinear nonlinearity
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Sketch of the proof

@ Want to show that /(u*) = d < 0, which gives u* # 0.
@ Consider the positive (normalized in L?(Q)) eigenfunctions of —A:

> Q1,2
> Qo 49, ¢3

@ In order to construct a convenient path in I not passing through
zero we define

w = t1(d1 + %) + to(d2 + £49)

with constants t1, to > 0, and € > 0 to be chosen sufficiently small.
Using that b(x) < 0, there is a positive constant C such that
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Sketch of the proof

(f + t3)

I(w) < max{A1(Q) — X\, Aa2(Q) — A} + O(e(tf + £3)) < =61 < 0,

for some constant §; > 0.
Note that

o ||w| < /t2 + 3+ Ce2, taking t1, t» > 0 and ¢ sufficiently small

e v+1>2, and

0 Ai(Q) < Ma(Q) < A,
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Sketch of the proof

Define wy := t1(¢1 + €¢?) and wy := ta(¢2 + €¢3), and
Wy = cos(0)w; + sin(8)wa,

I(wg) < 0; VO €0, ]
Define the path:

[(1—-3s)p+3s(wq)], se]0,1/3]
Y(s) == Was). S €[1/3,2/3] and 6(s) = 3(s — 1/3), (2)
[3(1 —s)(—w1) +3(s —2/3)(—p)], se€[2/3,1],

which can be projected on N by the multiplication 7(s)y(s), with

Ja IVA(s)IZ = A(x(s))?

’7'(5) = fQ |,y S)|”+1
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Sketch of the proof

@ There is a negative upper bound in S+

I(r(s)¥(s) < max (r(s)Y(s)) <O

for all s € [0, 1].

@ By the definition of the min-max level d, it follows that
I(u*)=d < 0.

@ Hopf Lemma and uniqueness of positive solutions assure u* is a sign
changing solution.
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Main parabolic results: f(u) = |ulP~tu
@ Global existence in time: the equation has a corresponding
semigroup S(t) acting in L2 and defined by

S(H)u() = u(-t), t>0.
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Main parabolic results: f(u) = |u|P~tu

@ Global existence in time: the equation has a corresponding
semigroup S(t) acting in L2 and defined by

S(H)u() = u(-t), t>0.

@ In particular, the set of (finite-time) blow-up solutions is empty.
o If we differentiate the map t — /(u(t)) with respect to t, we get

%I(u(t)) =— /Q uz(t) forallt >0, (3)

which implies that / is decreasing along non-stationary solutions
(Lyapunov gradient structure).
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Main parabolic results: f(u) = |ulP~tu

No blow-up and no grow-up

Theorem (F. and Maia 22)

Let \1(2) < XA < X1(Q0). Then the solutions u(x, t) exist for all forward

time. Additionally, no solution may blow-up in infinite-time, i.e., no
grow-up.
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Main parabolic results: f(u) = |ulP~tu

Positive solutions

Given a nonnegative g, then
u(t, up) — o,

as t — oo, for ¢ the unique positive stationary solution.

Remark:The trivial solution is an isolated equilibrium point and is known
to be unstable in the subset of nonnegative initial data, if A1(Q2) < .

Juliana Fernandes (UFRJ) Degenerate logistic type equations June 26, 2024 30/36



Main parabolic results: f(u) = |ulP~tu

Stability of Mountain Pass solution

Theorem (F. and Maia 22)

There exist initial data ug, vo € HE(Q) with up € Ny and vo € N_,
satisfying

u(t, up) — u*, u(t, w) — U™,

as t — oo (ug, vo € Wi (u*)).
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Main parabolic results: f(u) = |ulP~tu

Stability of Mountain Pass solution

@ The linearized operator at u*
Lu=—Au—f'(u*)u (4)

is self-adjoint in L2(2) with domain H}() N H2(Q) and spectrum
entirely composed of eigenvalues.
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Main parabolic results: f(u) = |u|P~tu

Stability of Mountain Pass solution

@ The linearized operator at u*
Lu=—Au—f'(u*)u (4)

is self-adjoint in L2(2) with domain H}() N H2(Q) and spectrum
entirely composed of eigenvalues.

@ {u;}?°, the nondecreasing sequence of eigenvalues of L, repeated
according to their (finite) multiplicities, and {1;}%°; the
eigenfunctions.
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Main parabolic results: f(u) = |u|P~tu

Stability of Mountain Pass solution

@ The linearized operator at u*
Lu=—Au—f'(u*)u (4)

is self-adjoint in L2(2) with domain H}() N H2(Q) and spectrum
entirely composed of eigenvalues.

@ {u;}?°, the nondecreasing sequence of eigenvalues of L, repeated
according to their (finite) multiplicities, and {1;}%°; the
eigenfunctions.

@ We have uj — +oo as i — oo and p < 0.
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Main parabolic results: f(u) = |ulP~tu

Stability of Mountain Pass solution

Lemma
For u* there exists i > q, such that

oy /Q i # 0. (5)

where q :== max{i € N : u; < 0}.

We may decompose any u* by

q 0o
ut=Yai+ Y a;.
=1 i=q+1
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Main parabolic results: f(u) = |ulP~tu

Stability of Mountain Pass solution

@ Xj the finite dimensional subspace of H}(£2) spanned by
{¥;:1<i<q}and X, spanned by {9 : i > q}
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Main parabolic results: f(u) = |u|P~tu

Stability of Mountain Pass solution

@ Xj the finite dimensional subspace of H}(£2) spanned by
{¥;:1<i<q}and X, spanned by {9 : i > q}

@ The local stable manifold of u* is tangent to X5 at v*. In addition,
there exists a neighborhood V of 0 in Xo anda C! map h: V — X3
such that

Wige(u™) ={u" +n+h(n) :ne V}
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Main parabolic results: f(u) = |u|P~tu

Stability of Mountain Pass solution

@ Xj the finite dimensional subspace of H}(£2) spanned by
{¥;:1<i<q}and X, spanned by {9 : i > q}

@ The local stable manifold of u* is tangent to X5 at v*. In addition,
there exists a neighborhood V of 0 in Xo anda C! map h: V — X3
such that

Wic(u™) ={u" +n+h(n):ne V}

@ There exists at least one / > g such that a; # 0; therefore

Ug = u" + e + h(e"’b/) € VV/ZC(U*)
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Main parabolic results: f(u) = |u|P~tu

Stability of Mountain Pass solution

@ Xj the finite dimensional subspace of H}(£2) spanned by
{¥;:1<i<q}and X, spanned by {9 : i > q}

@ The local stable manifold of u* is tangent to X5 at v*. In addition,
there exists a neighborhood V of 0 in Xo anda C! map h: V — X3
such that

Wic(u™) ={u" +n+h(n):ne V}

@ There exists at least one / > g such that a; # 0; therefore

Ug = u" + e + h(e"’b/) € VV/ZC(U*)

@ By Taylor's expansion at u*, since J(u*) = 0 then
H(uo) = J(u*) + S (u)(e¥)) + Re = epiai + R (a; > 0).
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Summarizing

@ Apply variational methods and comparison principle in order to
analyze the behavior of solutions.

@ The Nehari manifold is used to locate the stationary solutions, and
identify convergence regions of evolutionary trajectories.

@ To our knowledge, this is the first time the Nehari approach is
applied to address the asymptotic analysis of solutions to the
logistic problem.

@ Exploit further the geometric features of the associated Nehari
manifold. Since stationary solutions play a crucial role in the
description of the evolution, several elliptic tools turn out to be
quite useful for our purposes.
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Thank you!
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