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Introduction

Perturbed nonlinear heat equation

ug = Au + |ulP " u + h(u, Vu),
u(.,0) = ug € WH(RY),
where
e 1 <pandif N >3, then (N —2)p < (N +2),
o h € CHRN*) |h(u,v)| < O(|u|” + |v]7 + 1),
With0§'y<p,0§7<l%and0>0.
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Introduction

Interpretation (Populations dynamics)

ur = Au+ f(u) + h(u, Vu).

u = u(z,t) density of the population.

A : diffusion term.

f(u) : birth/death term.

h(u,Vu) : predation term (Souplet 1996).
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Introduction

Perturbed nonlinear heat equation

ug = Au+ |ulP " u 4 h(u, Vu),
u(.,0) = up € WHo(RY),
where
e l<pandif N >3, then (N —2)p < (N +2),
o h € CLHRN*Y) |h(u,v)| < C(ul” + |v|7 + 1),
with 0 <y < p,0 <75 < 2 and C > 0.

Cauchy problem : Wellposed in W1 (RY) (fixed point argument, see
Alfonsi-Weissler (1993), Souplet-Weissler (1999)).
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Introduction

Blow-up solution

Two cases may occur with the maximal solution :
o Either it exists for all t > 0; we say that the solution is global.

@ Or it exists only on some finite interval [0,7") for some 7' > 0. Then,
we have

() || 100 mavy — +o00 for t — T.

Definition : Blow-up time : If 7' < 400 then we call T" the blow-up time.
Definition : Blow-up point : If there is a point a € RY s.t :

|u(zy, tn)| — +oo for some (z,,t,) — (a,T),

then we say a is a blow-up point.

Maissa Boughrara Non-explicit blow-up profile for NLHE June 25th, 2024 6/26



Introduction

Earlier work (Explicite profile)

Ebde and Zaag (2011) : there exists a solution s.t

(T =) 7T (VT — £, t)— F(—meee) [0 () <

| log(T" — 1)) [log(T —1)|"

Where

4p

Remark : The solution is stable. Thus, we have an open set of initial data,
leading to behaviour above mentioned.

f() = (p—1+uwz\2)_”ll.
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Improvement of the estimate

© Improvement of the estimate
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Our goal

We consider the solution constructed by Ebde and Zaag s.t

(T = t)r=Tu(VT = t,t) - f(m)llwmo(uw)

C

= e @ =0l
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L e G A T3 |
Our goal

We consider the solution constructed by Ebde and Zaag s.t
1
(T =) Tu( VT = t,t) — f(———=)lwro@my
logT—p] "~
C

= Toe@ 01

Question : Can we get a smaller error?
Idea : Can we replace f by a sharper profile?
Remark :
@ It can be in fact improved, but we will lose the explicit profile.

@ The non-explicit profile is one particular solution of the unperturbed
heat equation !
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Improvement of the estimate

Reformulation of the goal

Idea : We consider two of the constructed solutions u; for i € {1,2}

which blow up in T" at the origin.

Similarity variables :

x
T —

y:

~~

wily, ) = (T — t) = Tuy(z, 1),

For all s > 59 = —logT and y € RN

, s =—log(T —1).

1 __p_ 1 Pl
ws = Aw — iy.Vw - Ll + lwlP~ w4 e P h(er T, 625’_1)va).
D
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Improvement of the estimate

Reformulation of the goal

We introduce
g(y7 8) = wl(y’ S) - w2(y) 8)'

Since wy and w9 have the same profile with error \/ig then we have for free

gl 100 vy = O(

5l
»
N—

Question : Can we improve this?
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Improvement of the estimate

Main result

Theorem 1 (B. 2023)

Assume N > 1 and let be u;,7 = 1,2 two solutions constructed by Ebde
and Zaag which blow up at T at the origin. Then for all
(z,t) € RY x [max(0,T — 1), T),

1 2
T —t) o1 =
lur (, 1) — ua(z, t)] < Cmin =g - : 2] M
Hog(T_t)’ ‘log’xHZ_p*l
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Improvement of the estimate

Further improvement

If N =1, we refine the estimate :

Theorem 2 (B. 2023)

Under the same assumptions, there exists A > 0 such that :

wa (2, ) — ATua(a, T — A2(T — 1))

1 1
< max((T — t)° "1, 2|~ 71),

where 8 = 3(v,7%) < min(%,v) and v = pp;_”’f and
Yo = max{y,7(p+ 1) — p}.

Remark :
@ Rescaled us is still a solution of the same class of equations.

@ We our sharp non-explicit profile!!!
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Further improvement

If N =1, we refine the estimate :

Theorem 3 (B. '23)

Under the same assumptions, there exists A > 0 such that :

lui(z,t) — AT-Tug(Az, A2t)|

<T—0L%f (T — )"~ 7
SCmax(Hog(T OIF ' Tog(@ )|2uexp(0\/—log —t)

|SC _ a|min(1—pj,21/)

[Tog| — a7

|z — a|2”_%

exp (C\/—Qlog |z — a|) ,
[log |z — =G~ 712

where v = P=t and o = max{v,5(p + 1) — p}.
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Idea of the proof

© Idea of the proof
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Idea of the proof

© Idea of the proof
@ Parabolic region
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Idea of the proof

Decomposition of the domain

— (3) |2] < Koy/T|logT|and t < T
— (2) |z] < Ko/(T' — )| log(T — 1)
(1) [o] < Ko/(T' = 1)

— |«

Region (1) : We have w ~ f(0) = k. Thus v ~ s(T — t)_Pil with k = (p — 1)_1’11.
1
1 H ~ Y ~ — T - R —
Region (2) : We have w ~ f(%). Thus u~ (T — )" 71 f( (T—t)|1og(T—t)|)'

Region (3) : We have u' ~ u? (Small diffusion term).
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Parabolic region
In Parabolic regions ( (1) and (2) )

e Good results for h = 0 (Fermanian and Zaag '00).
@ Goal : Generalize to the case where h # 0
The issues :

@ No uniform blow-up estimate (in space), because No Liouville
Theorem (Merle and Zaag '00) :
If h =0, in Sobolev subcritical :

we L°RY,R) = Vw=0.

@ No parabolic properties : We need a control of the gradient term.
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[CEERG RGN I Parabolic region

Parabolic regularity

The solution constructed by Ebde and Zaag :

Proposition (B.'23)

There exists s1 > sg and M > 0 such that for all s > s, we have
[[w(s) e < M.

Maissa Boughrara Non-explicit blow-up profile for NLHE June 25th, 2024 19 /26



[CEERG RGN I Parabolic region

L™ estimate in the blow-up region

Proposition (B.'23)

For all Ky > 0, there exist a s; > sg and a constant C'(Ky) > 0 such that

C(Ko)

S

Vs > s1, Y]yl < Kov/s, |9(y,s)| <

For N = 1, there exists og € R such that

VK() € R*+, HC(K()) > 0, Vs > S1, V]y\ < Ko\/g,

[wn(y, ) = w2y, s + 00)| < C(Ko) max (5372, 52 HOVE) |

v,
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Idea of the proof

© Idea of the proof

@ Outside the parabolic region
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[LERCTRATNLICIIM  Outside the parabolic region

Outside the parabolic region

We are in

2| > Ko/ (T —t)|log(T —t)|) with ¢t € (T — 6o, T).

We define for all |z| < 50 /T|log T}, t(z) € [0,T) such that

o] = =2 /T~ @) Toa(T — 1)l
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[LERCTRATNLICIIM  Outside the parabolic region

Outside the parabolic region

We want to estimate this region

|z| < &

|z <f&0\/ t)|log(T —t)|
2| = B\ /(T — t(2))[1og(T — t(x))]

> |zl
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[LERCTRATNLICIIM  Outside the parabolic region

Outside the parabolic region

We introduce 7(x,t) = ;,:tt((‘?). Then for all 7 € [0,1) and

€] < B(log(T — t(z)))7, we define

i€, 1) = (T — t(x)) 7T uy (x + /T — 1(2), t(z) + 7(T — t(z))).
We get

0-v; =Av; + |Ui|p_1’Ui

(T = (@) 7 Thi (T = () 7T, (T t(x))—%—lnwi) .
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[LERCTRATNLICIIM  Outside the parabolic region

Estimate outside the parabolic region

C
v1(&,T7) —v2(&,T)| < T
[v1(§,7) —v2(&, 7 loa(T — 1)}

Knowing that

2z

log(T — t(x)) ~ 2log |z| and T — t(x) ~ W.

Hence, there exists ¢ € (0; Kov/T logT') and small . We have for all
€ > |z| > Ko/(T — t)|log(T — t)] and t € [T — &, T),

2
C T p—1
luy (2, t) —ug(x,t)| < Ol f_L'
|log |||+ =T
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Idea of the proof

Obrigado !
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[LERCTRATNLICIIM  Outside the parabolic region

Theorem 4 (B. 2023 Single-point blow-up and final profile)

Assume N > 1 and let be u solution constructed By Ebde and Zaag which
blows up at T at the blow up points ()

© It holds that O is the only blow-up point.

Q There exists a final profile u., for all x € RN\{0}. Moreover, there
exists € > 0, such that for all ¢ > |z| > 0

1
8p|log |z|| \ 7T C
() — ('1—2’”2) S —
(p—1)|z | log |z||3 71

where

us(x) = }L{r%u(m, t).
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