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Mathematical model: Nonsmooth difference programming

We consider general optimization problems of the form

min p(x) := g(x) — h(x),

where g : R" — Ris of class C"' (i.e., C'-smooth with locally Lipschitz derivatives), and
h:R" — Ris alocally Lipschitzian and prox-regular function.

Definition (Poliquin—Rockafellar '96)

A function f : R" — R is prox-regular at x € R" for v € 9f (%) if it is I.s.c. around ¥ and there
exist e > 0 and r > 0 such that

&) 2 () + (v = x) = Z|¥ — x|

whenever x,x’ € B.(x) with f(x) < f(X) + ¢ and v € Jf(x) N B.(v). If this holds for all
v € 9f(x), f is said to be prox-regular at .
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Mathematical model: Nonsmooth difference programming

We consider general optimization problems of the form

min p(x) := g(x) — h(x),

where g : R" — Ris of class C"' (i.e., C'-smooth with locally Lipschitz derivatives), and
h:R" — Ris alocally Lipschitzian and prox-regular function.

Definition (Poliquin—Rockafellar '96)

A function f : R" — R is prox-regular at x € R" for v € 9f (%) if it is I.s.c. around ¥ and there
exist e > 0 and r > 0 such that

&) 2 () + (v = x) = Z|¥ — x|

whenever x,x’ € B.(x) with f(x) < f(X) + ¢ and v € Jf(x) N B.(v). If this holds for all
v € 9f(x), f is said to be prox-regular at .

@ Every convex function is prox-regular
@ Every C? function is prox-regular.
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Tools of Variational Analysis and Generalized Differentiation

@ The limiting (Mordukhovich) subdifferential of f is denoted by Jf(x).
of (x) == {u eR" | T = X, () = f(X) ug — u, uy € 5f(xk) aske N},

where

~

B (3) = {x* eR"

@ + (6 x = %) < f() + ol =) }
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Tools of Variational Analysis and Generalized Differentiation

@ The limiting (Mordukhovich) subdifferential of f is denoted by 97 ().

@ Let p = g — h be the cost function of our problem, where g is of class C!'! around
x € R" and h is locally Lipschitzian around x and prox-regular at x. We say that x is a
stationary point if 0 € 9p(%).
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Tools of Variational Analysis and Generalized Differentiation

@ The limiting (Mordukhovich) subdifferential of f is denoted by 97 ().

@ Let p = g — h be the cost function of our problem, where g is of class C!'! around
x € R" and h is locally Lipschitzian around x and prox-regular at x. We say that x is a
stationary point if 0 € dp(x). From the subdifferential sum rule, x is a stationary point
< 0 € Vg(x) + 0(—h)(x), so every stationary point is a critical point in the sense
that 0 € Vg(x) — Oh(x).
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Tools of Variational Analysis and Generalized Differentiation

@ The limiting (Mordukhovich) subdifferential of f is denoted by 97 ().

@ Let p = g — h be the cost function of our problem, where g is of class C!'! around
x € R" and h is locally Lipschitzian around x and prox-regular at x. We say that x is a
stationary point if 0 € dp(x). From the subdifferential sum rule, x is a stationary point
< 0 € Vg(x) + 0(—h)(x), so every stationary point is a critical point in the sense
that 0 € Vg(x) — Oh(x).

@ We make use of the second-order subdifferential/generalized Hessian of the function
g:R" — R (of class C!'!) at x € R" defined by

9’g(x)(d) = 9(d, Vg())(x), deR".

If £ is C?-smooth around x, then 9% (x)(d) = {V?f(x)d}.
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Tools of Variational Analysis and Generalized Differentiation

We introduce the following extension of the notion of positive-definiteness.

Definition

Let F : R" = R” be a set-valued mapping and £ € R. Then F is ¢-lower-definite if
(v, x) > &|lx|? forall (x,y) € gph F.
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Tools of Variational Analysis and Generalized Differentiation

We introduce the following extension of the notion of positive-definiteness.

Definition

Let F : R" = R” be a set-valued mapping and £ € R. Then F is ¢-lower-definite if
(v, x) > &|lx|? forall (x,y) € gph F.

We can easily check the following:

@ For any symmetric matrix Q with the smallest eigenvalue A\nin(Q), the function
f(x) = Oxis Amin(Q)-lower-definite.
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Tools of Variational Analysis and Generalized Differentiation

We introduce the following extension of the notion of positive-definiteness.

Definition

Let F : R" = R” be a set-valued mapping and £ € R. Then F is ¢-lower-definite if
(v, x) > &|lx|? forall (x,y) € gph F.

We can easily check the following:
@ For any symmetric matrix Q with the smallest eigenvalue A\nin(Q), the function
f(x) = Oxis Amin(Q)-lower-definite.
e If g: R" — Ris strongly convex with modulus p > 0, (i.e., g — 5[ - ||* is
convex), then 9%g(x) is p-lower-definite for all x € R™.
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Tools of Variational Analysis and Generalized Differentiation

We introduce the following extension of the notion of positive-definiteness.

Definition

Let F : R" = R” be a set-valued mapping and £ € R. Then F is ¢-lower-definite if
(v, x) > &|lx|? forall (x,y) € gph F.

We can easily check the following:
@ For any symmetric matrix Q with the smallest eigenvalue A\nin(Q), the function
f(x) = Oxis Amin(Q)-lower-definite.
e If g: R" — Ris strongly convex with modulus p > 0, (i.e., g — 5[ - ||* is
convex), then 9%g(x) is p-lower-definite for all x € R™.
o If Fi,F, : R" = R" are &; and & -lower-definite, then the sum F; + F» is
(&1 + &)-lower-definite.
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The algorithm...
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Newton-type algorithm

min p(x) == gx) — h(x),

Newton’s method

| §
|
.

Xk+1 = Xk + dy, where Vzgo(xk)dk = —VQO(XI()

.
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Newton-type algorithm

min p(x) == gx) — h(x),

Newton’s method

| §
|
.

Xk+1 = Xk + d, where vzso(xk)dk = —VQO(XI()

.

@ g:R" = Ris of classC"!
@ i :R" — Ris a locally Lipschitzian and prox-regular.
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Regularized coderivative-based damped semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R", 5 € (0,1),( >0, fyyin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do

2:
3:

© o N gk

:en

Take wy € Op(x¢). If wy = 0, STOP and return x;.
Choose py € [0, pmax] and d; € R"\{0} such that

—wi € g(w)(di) + prdie and  (wi, di) < —C k|,
Choose any 7 > timin. Set 74 := 7.
while o(x; + mdy) > ©(xx) + o1k (Wi, di) do
Tk = BTk
end while

Set xp41 := x + Tidy
d for
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Regularized coderivative-based damped

min p(x) := g(x) — hix)

Input: xo € R", 5 € (0,1),( >0, fyyin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do
2: Take wy € dp(xi). If wpy =0, STOP and return x;.
3: Choose py € [0, pmax] and d; € R"\{0} such that

—wi € 0°g(x)(di) + prdie and  (wi, di) < —C|lde])*.

4: Choose any 7 > timin. Set 74 := 7.

5: while o(x; + mdy) > ©(xx) + o1k (Wi, di) do
6: T = BTk

7: end while

8: Set xp41 := x + Tidy

9: end for
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Regularized damped semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R", 5 € (0,1),( >0, fyyin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do
2: Take wy € Op(x¢). If wy = 0, STOP and return x;.
3: Choose py € [0, pmax] and d; € R"\{0} such that

—wi € 9°g(x)(di) + prdi - and (i, di) < —Cldi|*.

4: Choose any 7 > timin. Set 74 := 7.

5: while o(x; + mdy) > ©(xx) + o1k (Wi, di) do
6: T = BTk

7: end while

8: Set xp41 := x + Tidy

9: end for
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coderivative-based damped semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R", 5 € (0,1),( >0, fyyin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do
2: Take wy € Op(x¢). If wy = 0, STOP and return x;.
3: Choose py € [0, pmax] and d; € R"\{0} such that

—wy € 62g(xk)(dk) + prd;  and <Wk,dk> < —C||dk||2.

4: Choose any 7 > timin. Set 74 := 7.

5: while o(x; + mdy) > ©(xx) + o1k (Wi, di) do
6: T = BTk

7: end while

8: Set xp41 := x + Tidy

9: end for
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Regularized coderivative-based semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R", 5 € (0,1),( >0, fyyin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do
2: Take wy € Op(x¢). If wy = 0, STOP and return x;.
3: Choose py € [0, pmax] and d; € R"\{0} such that

—wi € Pglx)(d) + pedi and  (wy, di) < —C||di]*.

4: Choose any 7 > tmin. Set 7 := T%.

5: while o(x; + mdi) > ©(xx) + o1k (Wi, di) do
6: T = Pk

7 end while

8: Setxk+1 = X + Trdy.

9: end for
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Convergence to stationary points vs. critical points

Our algorithm uses wy € 9p(x) = Vg(xi) + O(—h)(xy) <= v := wx — Vg(xg) € O(—h)(x).
Under our assumptions, the set 9(—h)(x;) can be considerably smaller than dh(xy).
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Convergence to stationary points vs. critical points

Our algorithm uses wy € 9p(x) = Vg(xi) + O(—h)(xy) <= v := wx — Vg(xg) € O(—h)(x).
Under our assumptions, the set 9(—h)(xx) can be considerably smaller than dh(x;). This
differs from DC algorithms, which choose subgradients in 0i(x;). The purpose is to find a
stationary point instead of a (classical) critical point.

DC ALGORITHM (DCA): Let xy be any initial point and set k := 0.
@ Choose w; € Oh(x;) and find a solution y; of
(Pr) minimize g(y) — (ug,y).
yER"

@ If y. = x, = stop (x; is a critical point, since Vg(x;) = Vg(yi) = i € 0h(xy))-
Otherwise, set x;11 := y, k := k+1 and go to Step 1.
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Convergence to stationary points vs. critical points

Our algorithm uses wy € 9p(x) = Vg(xi) + O(—h)(xy) <= v := wx — Vg(xg) € O(—h)(x).
Under our assumptions, the set 9(—h)(xx) can be considerably smaller than dh(x;). This
differs from DC algorithms, which choose subgradients in 0i(x;). The purpose is to find a
stationary point instead of a (classical) critical point. An alternative would be to replace

wi € Op(xx) by wy := Vg(xx) — vk with vy € Oh(x;), but the modified algorithm would find a
critical point, which is not guaranteed to be stationary.

DC ALGORITHM (DCA): Let xy be any initial point and set k := 0.
@ Choose w; € 0h(x;) and find a solution y; of
(Pr) minimize g(y) — (ug,y).
yER"

@ If y. = x, = stop (x is a critical point, since Vg(x;) = Vg(yi) = ux € Oh(xy)).
Otherwise, set x;11 := y, k := k+1 and go to Step 1.

Pedro Pérez-Aros (Universidad de O’'Higgins) Nonsmooth Semi-Newton Method in Difference Programming



Convergence to stationary points vs. critical points

Our algorithm uses wy € 9p(x) = Vg(xi) + O(—h)(xy) <= v := wx — Vg(xg) € O(—h)(x).
Under our assumptions, the set 9(—h)(xx) can be considerably smaller than dh(x;). This
differs from DC algorithms, which choose subgradients in 0i(x;). The purpose is to find a
stationary point instead of a (classical) critical point. An alternative would be to replace

wi € Op(xx) by wy := Vg(xx) — vk with vy € Oh(x;), but the modified algorithm would find a
critical point, which is not guaranteed to be stationary.

Consider ¢ = g — h with g(x) := 1x* and h(x) := [x|. If an algorithm was run by using
xo = 0 as the initial point but choosing wy = Vg(xo) — vo With vo = 0 € 9h(0) (instead of
wo € Jp(xp)), it would stop and return x = 0, which is a critical point, but not a stationary
one. On the other hand, for any w, € d¢(0) = {—1, 1} we get wy # 0, and so our algorithm
will continue iterating until it converges to one of the two stationary points —1/2 and 1/2.
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Lemma (Our algorithm is well-defined)

Let p = g — h, with g € C' and h being locally Lipschitz around x and prox-regular at this
point. Assume that 9°g(x) is ¢ -lower-definite for some ¢ € R and consider a nonzero
subgradient w € 0p(x). Then for any ¢ > 0 and any p > ¢ — &, there exists a nonzero
direction d € R" satisfying the inclusion

—w € *g(x)(d) + pd. (1)
Moreover, any nonzero direction from (1) obeys the conditions:
(i) ' (% d) = lim sup LEHD=2E < (1, d) < —¢||d|>.
1—0t
(i) Whenever o € (0, 1), there exists n > 0 such that

p(x + 7d) < 9(x) + o7(w,d) < (%) — o¢7||d||> when T € (0,7).
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)

@ Letx:=(1,0)"
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)

@ Letx:=(1,0)"

@ Vg(x) = ATA IS Amin(A”A)-lower definite.
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)

@ Letx:=(1,0)"

@ V?g(x) = ATA is Amin(A"A)-lower definite.
@ Take w:= (0,1)" € 9y (%)
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)

@ Letx:=(1,0)"

@ V?g(x) = ATA is Amin(A"A)-lower definite.
@ Take w:= (0,1)T € dyp(x)
@ Then for every p > 0, the system —w = V?¢(%)(d) + pd has the solution d = (0, —1/p) .
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Example (Necessity of prox-regularity)

Let us consider the problem

(Ax — b)> —(||x]l2 — |Ix][1), x€R* withA:=[1,0]yb:=1.
h(x)

_ 1
iyl o= =

8(x)

@ Letx:=(1,0)"

@ V?g(x) = ATA is Amin(A"A)-lower definite.
@ Take w:= (0,1)T € dyp(x)
@ Then for every p > 0, the system —w = V?g(%)(d) + pd has the solution d = (0, —1/p) .

@ Nevertheless, d is not a descend direction for p(x) = g(x) — h(x) at x. Indeed,

99()7+Td):1+%*\/1+(T/p)2>(p(f)20 forall = >0,
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Convergence of the algorithm

Let ¢ : R" — R be given by ¢ = g — i with inf ¢ > —oo. Pick an initial point x, € R" and
suppose that the sublevel set Q := {x € R" | p(x) < o(xo)} is closed, that ¢ is C'! around
every x € Q and d’g(x) is &-lower-definite for all x € Q with some ¢ € R, and / is locally
Lipschitzian and prox-regular on 2. Then our algorithm either stops at a stationary point,
or produces sequences {x;} € Q, {o(xx)}, {wr}, {dk}, and {7} such that:
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Convergence of the algorithm

Let ¢ : R" — R be given by ¢ = g — i with inf ¢ > —oo. Pick an initial point x, € R" and
suppose that the sublevel set Q := {x € R" | p(x) < o(xo)} is closed, that ¢ is C'! around
every x € Q and d’g(x) is &-lower-definite for all x € Q with some ¢ € R, and / is locally
Lipschitzian and prox-regular on 2. Then our algorithm either stops at a stationary point,
or produces sequences {x;} € Q, {o(xx)}, {wr}, {dk}, and {7} such that:

(i) The sequence {¢(xx)} monotonically decreases and converges.
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Convergence of the algorithm

Let ¢ : R" — R be given by ¢ = g — i with inf ¢ > —oo. Pick an initial point x, € R" and
suppose that the sublevel set Q := {x € R" | p(x) < o(xo)} is closed, that ¢ is C'! around
every x € Q and d’g(x) is &-lower-definite for all x € Q with some ¢ € R, and / is locally
Lipschitzian and prox-regular on 2. Then our algorithm either stops at a stationary point,
or produces sequences {x;} € Q, {o(xx)}, {wr}, {dk}, and {7} such that:

(i) The sequence {¢(xx)} monotonically decreases and converges.

(i) If {x; } as j € N is any bounded subsequence of {x;}, then ]12£ T > 0,

Dl l? <00, Y It — x> < o0, and Y [lwyll* < co.

JEN JjEN JjeEN
Then, boundedness of the entire sequence {x;} ensures that the set of accumulation points
of {x¢} is nonempty, closed and connected.
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Convergence of the algorithm

Let ¢ : R" — R be given by ¢ = g — i with inf ¢ > —oo. Pick an initial point x, € R" and
suppose that the sublevel set Q := {x € R" | p(x) < o(xo)} is closed, that ¢ is C'! around
every x € Q and d’g(x) is &-lower-definite for all x € Q with some ¢ € R, and / is locally
Lipschitzian and prox-regular on 2. Then our algorithm either stops at a stationary point,
or produces sequences {x;} € Q, {o(xx)}, {wr}, {dk}, and {7} such that:

(i) The sequence {¢(xx)} monotonically decreases and converges.

(i) If {x; } as j € N is any bounded subsequence of {x;}, then ]12£ T > 0,

Z lldi||* < oo, Z [[%+1 — 3%, ||* < o0, and Z i [1* < o0.

JEN JjEN JjeEN
Then, boundedness of the entire sequence {x;} ensures that the set of accumulation points
of {x; } is nonempty, closed and connected.
(iii) If x,, — ¥ as j — oo, then X is a stationary point and ¢ (x) = infren @ (x1).
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Convergence of the algorithm

Let ¢ : R" — R be given by ¢ = g — i with inf ¢ > —oo. Pick an initial point x, € R" and
suppose that the sublevel set Q := {x € R" | p(x) < o(xo)} is closed, that ¢ is C'! around
every x € Q and d’g(x) is &-lower-definite for all x € Q with some ¢ € R, and / is locally
Lipschitzian and prox-regular on 2. Then our algorithm either stops at a stationary point,
or produces sequences {x;} € Q, {o(xx)}, {wr}, {dk}, and {7} such that:

(i) The sequence {¢(xx)} monotonically decreases and converges.

(i) If {x; } as j € N is any bounded subsequence of {x;}, then ]12£ T > 0,

Z Hdk,-||2 < 00, Z [l 41 —Jckj||2 < oo, and Z ||wk/||2 < 0.
JEN JEN JEN
Then, boundedness of the entire sequence {x;} ensures that the set of accumulation points
of {x¢} is nonempty, closed and connected.
(iii) If x,, — ¥ as j — oo, then X is a stationary point and ¢ (x) = infren @ (x1).
(iv) If {x;} has an isolated accumulation point x, then the entire sequence {x;} converges
to x as k — oo, Where x is a stationary point.
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Example (An illustrative example)

- : 1
o(x) == Zcp,-(xi), where p;(x;) := gi(x;) — hi(x;) with g;(x;) := Exlz and h;(x;) := |x;|+]1—|x]|

i=1

Then, ¢ satisfies the assumptions of the previous theorem with g(x) = >\, gi(x),
h(x) := Y hi(x;) and £ = 1. The points {—2,—1,0, 1,2}" are critical points, but the sta-
tionary points, which are also the global minima, are only the points in the set {—2,0,2}".
Therefore, our algorithm will return a global minimum starting from any initial point.
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Consider the function ¢ : R — R given by
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Consider the function ¢ : R — R given by
= [ pein (T
p(x) == /0 1" sin <t>dt.

@ Observe furthermore that ¢ is a DC function because it is C?.

@ However, it is not possible to write its DC decomposition with g(x) = ¢(x) + ax* and
h(x) = ax* for a > 0, since there exists no scalar a > 0 such that the function
g(x) = p(x) + ax? is convex on the entire real line.

@ Therefore, we cannot apply DCA with the decomposition g(x) = ¢(x) + ax* and
h(x) = ax* for a > 0.

Nonsmooth Semi-Newton Method in Difference Programming

Pedro Pérez-Aros (Universidad de O’'Higgins)



Consider the function ¢ : R — R given by

o(x) == /Ox t*sin (;) dt.

@ ¢ is coercive, and satisfies the assumption of Theorem 1 over the level set
Q= {x | p(x) < p(x0)} with g(x) := o(x) and h(x) := 0.

@ The stationary points of ¢ are described by S := {1 | n € Z\{0}} U {0}.

@ If Algorithm 1 generates an iterative sequence {x;} starting from xo, then the
accumulation points form by Theorem 1 a nonempty, closed, and connected setA C §

@ If A = {0}, the sequence {x;} converges to x = 0. If A contains any point of the form
x =1, then itis an isolated point, and Theorem 1 tells us that the entire sequence
{xx} converges to that point, and consequently we have A = {x}.
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Regularized coderivative-based damped semi-Newton algorithm

What about the rate of convergence?

min p(x) == gx) — h(x)

Input: xo € R, 5 € (0,1),( >0, tipin > 0, pmax > 0and o € (0,1).
1: fork=0,1,...do
2: Take wi € dp(x¢). If wp = 0, STOP and return x;.
3: Choose pi € [0, pmax] and d; € R"\{0} such that

—Wi € 32g(xk)(dk) + pkdk and <Wk,dk> < —CHdkHz.

4. Choose any Ty > tmin- Set 74 .= 7.

5: while p(x; + 7kdi) > p(xx) + o7 (Wi, di) do
6: T = BTx.

7 end while

8: Set X1 2= Xy + Trdy.

9: end for
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Definition

Let {x;} be a sequence in R" converging to x as k — co. The convergence rate is said to
be:
(i) R-linear if there exist u € (0,1),c > 0, and ky € N such that

e —X|| < cpt forall k> k.
(ii) Q-linear if there exists u € (0, 1) such that

[Poer = x| _

lim sup = L.

koo |l —X]|
(iii) Q-superlinear if it is Q-linear for all © € (0, 1), i.e., if

lim e =X _

k— 00 ||)Ck — f”
(iv) Q-quadratic if we have

lim sup 7”)%“ — x2||
k—00 ka = f”
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Linear and superlinear convergence under additional assumptions

In addition, suppose that {x;} has an accumulation point x such that 9y is strongly metrically
subregular at (x,0). Then the entire sequence converges to x, with Q-linear convergence
rate for {¢(x;)} and R-linear convergence rate for {x;} and {w}.

@ A set-valued mapping F : R" = R" is said to be strongly metrically subregular at
(%,y) € gph F if there are x > 0 and > 0 such that
lx =%|| < slly =¥, forall (x,y) € B.(x,5) N gph F.
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Linear and superlinear convergence under additional assumptions

In addition, suppose that {x;} has an accumulation point x such that 9y is strongly metrically
subregular at (x,0). Then the entire sequence converges to x, with Q-linear convergence
rate for {¢(x;)} and R-linear convergence rate for {x;} and {wy}. If furthermore, ¢ > 0,
0<¢<¢&p— 0,0 € (0, %), fmin = 1, g is semismoothly differentiable at x, & is of class
¢"! around %, and clm VA(x) = 0, then the rate of convergence is at least Q-superlinear.

@ A set-valued mapping F : R" = R" is said to be strongly metrically subregular at
(x,¥) € gphF if there are k > 0 and £ > 0 such that
llx —x[| < &lly = yl|, forall (x,y) € B(x,y) N gphF.
@ Afunctionf : R" — R™is calm at x € R" with modulus « > 0 if there is ¢ > 0 s.1.
If(x) —F@)| < &|lx —x||, for all x € B.().
@ A function g : R" — R is semismoothly differentiable at x if it is C''! around %, its
gradient mapping Vg is directionally differentiable at this point, and
lim Vex) = Ve(x) +w _ 0.

ettt X
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Superlinear and quadratic convergence for pointwise maximum of affine functions

In addition to the assumptions of Theorem 1, assume that ¢ > 0,0 < ¢ < &, o € (0, %),

tmin = 1, @and pr = 0 for all k € N. Suppose also that the sequence {x;} generated has an

accumulation point x at which g is semismoothly differentiable and i can be represented as
h(x) = max {{xf,x) + oy} forall x € B.(%),

for some (xf,a;)?_; C R" x Rand e > 0. Then x; — %, p(xx) = ¢(¥), wx — 0, and

Vg(x) — Vg(¥) as k — oo with at least O-superlinear rate. If in addition g is of class C*!

around x, then the rate of convergence is at least quadratic.

v
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Superlinear and quadratic convergence for pointwise maximum of affine functions

In addition to the assumptions of Theorem 1, assume that ¢ > 0,0 < ( < & o € (0,1),
tmin = 1, @and pr = 0 for all k € N. Suppose also that the sequence {x;} generated has an
accumulation point x at which g is semismoothly differentiable and i can be represented as

h(x) = iZIE??(P{(x?,x) +a;} forall x € B.(%),

for some (xf,a;)?_; C R" x Rand e > 0. Then x; — %, p(xx) = ¢(¥), wx — 0, and
Vg(x) — Vg(¥) as k — oo with at least O-superlinear rate. If in addition g is of class C*!

around x, then the rate of convergence is at least quadratic. )

These assumptions do not imply the smoothness of ¢ at stationary points. For instance,
consider the nonconvex function ¢ : R* — R defined as in our previous example but letting
now h;(x;) := |x;| + |1 — x;|. The function ¢ satisfies the assumptions of Corollary 2 at any of
its stationary points {—2,0,2}", but ¢ is not differentiable at x = 0.

v
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Superlinear and quadratic convergence for pointwise maximum of affine functions

In addition to th
tmin = 1, and py
accumulation poi

¢ o€ (0,9),
erated has an
fepresented as

for some (x}, o)
Vg(xe) = Vg(x)
around x, then th

wry — 0, and
s of class C*!

These assumptions do not imply the smoothness of ¢ at stationary points. For instance,
consider the nonconvex function ¢ : R* — R defined as in our previous example but letting
now h;(x;) := |x;| + |1 — x;|. The function ¢ satisfies the assumptions of Corollary 2 at any of
its stationary points {—2,0,2}", but ¢ is not differentiable at x = 0.

v
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Convergence rates under the Kurdyka—tojasiewicz property

Kurdyka—tojasiewicz property

The Kurdyka—tojasiewicz property holds for ¢ at x if there exist » > 0 and a continuous
concave function + : [0, 1] — [0, 00) with 4(0) = 0 such that ¢ is C'-smooth on (0,7) with
the strictly positive derivative ¢/’ and that

¥’ (p(x) — p(x)) dist(0; Dp(x)) > 1
for all x € B, (x) with (%) < p(x) < (%) + 7. |
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Convergence rates under the Kurdyka—tojasiewicz property

Kurdyka—tojasiewicz property

The Kurdyka—tojasiewicz property holds for ¢ at x if there exist » > 0 and a continuous
concave function + : [0, 1] — [0, 00) with 4(0) = 0 such that ¢ is C'-smooth on (0,7) with
the strictly positive derivative ¢/’ and that

¥’ (p(x) — p(x)) dist(0; Dp(x)) > 1
for all x € B, (%) with o (X) < ¢ (x) < (%) + 1. )

@ Every analytic function satisfies this property. More precisely, v (1) = Mt' = with
M >0and§ € [0,1). [Lojasiewicz, '65].

A
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Convergence rates under the Kurdyka—tojasiewicz property

Kurdyka—tojasiewicz property

The Kurdyka—tojasiewicz property holds for ¢ at x if there exist » > 0 and a continuous
concave function + : [0, 1] — [0, 00) with 4(0) = 0 such that ¢ is C'-smooth on (0,7) with
the strictly positive derivative ¢/’ and that

¥’ (p(x) — p(x)) dist(0; Dp(x)) > 1
for all x € B, (%) with o (X) < ¢ (x) < (%) + 1. )

@ Every analytic function satisfies this property. More precisely, (1) = Mt' =% with
M > 0and@ € [0,1). [Lojasiewicz, '65].

@ Inequality for minimal structures [Kurdyka, ’98].

A
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Convergence rates under the Kurdyka—tojasiewicz property

Kurdyka—tojasiewicz property

The Kurdyka—tojasiewicz property holds for ¢ at x if there exist » > 0 and a continuous
concave function + : [0, 1] — [0, 00) with 4(0) = 0 such that ¢ is C'-smooth on (0,7) with
the strictly positive derivative ¢/’ and that

¥’ (p(x) — p(x)) dist(0; Dp(x)) > 1
for all x € B, (%) with o(X) < p(x) < ¢(X) + 7.

v

@ Every analytic function satisfies this property. More precisely, (1) = Mt' =% with
M > 0and@ € [0,1). [Lojasiewicz, '65].

@ Inequality for minimal structures [Kurdyka, ‘98].

@ Extension to nonsmooth functions[Bolte—Daniilidis—Lewis '06].

A
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Convergence rates under the Kurdyka—tojasiewicz property

In addition to the assumptions of Theorem 1, suppose that the sequence {x;} has an ac-
cumulation point x at which the Kurdyka—tojasiewicz property is satisfied. Then {x;} con-
verges x as k — oo, which is a stationary point.

Pedro Pérez-Aros (Universidad de O’Higgins) Nonsmooth Semi-Newton Method in Difference Programming



Convergence rates under the Kurdyka—tojasiewicz property

In addition to the assumptions of Theorem 1, suppose that the sequence {x;} has an ac-
cumulation point x at which the Kurdyka—tojasiewicz property is satisfied. Then {x;} con-
verges x as k — oo, which is a stationary point.

In addition, suppose that the Kurdyka—tojasiewicz property holds at x with () := Mt'—¢
for some M > 0 and 6 € [0, 1). The following holds:

(i) If 8 = 0, then the sequence {x;} converges in a finite number of steps.

(ii) If 6 € (0, 1/2], then the sequence {x;} converges at least linearly.

(iii) If 0 € (1/2,1), then there exist 4 > 0 and ky € N s.t. |lx, — X|| < uk‘zle;—el for all k > ko.

.
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A problem in biochemistry...

Consider a biochemical network with m molecular species and n reversible elementary reactions. Let
u € (0, +00)" be the vector of concentrations of molecular species, and the (deterministic) dynamic
equation for the time evolution of the concentration of molecular species is given by:

% =(R-F) [exp(ln(k/) +F" In(u)) — exp(In(k,) + R' ln(u))}

where
@ F,R € N"*" represent the direct and inverse reaction matrices.
@ ks y k, elementary kinetic parameters.

@ exp(:) y In(:) denote the component-by-component functions, i.e, exp(u) := (exp(ui))i—; ¥
n(u) := ()i

Pedro Pérez-Aros (Universidad de O’Higgins) Nonsmooth Semi-Newton Method in Difference Programming



The investigation of stationary states plays a crucial role in the modeling of biochemical reaction

systems.
% = (R~ F) [expin) + FT In(w)) — exp(in(ky) + R In())]
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The investigation of stationary states plays a crucial role in the modeling of biochemical reaction
systems.
du

% = (R—F) [exp(n(ky) + F" In(w)) - exp(In(k) + R In(w))]

Taking x := In(u), w := [In(k;) ", In(k,) "] ", A = [F,R] and B = [F, R]

f(x) = (A — B) exp (w + ATx)

4

Mathematical Problem

Find x € R" such that

f(x) =0
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Numerical experiments: Smooth DC models in biochemistry

We are interested in finding a zero of the function
f(x):= ([F,R] — [R,F])exp (w+ [F,R]"x) ,
where F, R € Z;" denote the forward and reverse stoichiometric matrices, respectively,

where w € R is the componentwise logarithm of the kinetic parameters, and exp(-) is the
componentwise exponential function.
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Numerical experiments: Smooth DC models in biochemistry

We are interested in finding a zero of the function
f(x):= ([F,R] — [R,F])exp (w+ [F,R]"x) ,

where F, R € Z;" denote the forward and reverse stoichiometric matrices, respectively,
where w € R?" is the componentwise logarithm of the kinetic parameters, and exp(-) is the
componentwise exponential function. Finding a zero of f is equivalent to minimizing the
function ¢ (x) := £ (x)||*, which can be expressed as a difference of the convex functions

g®) =2 (lp@I* + le@)[?) and h(x) = [lp(x) + c()|?,
where

p(x):=[F,Rlexp (w+ [F,R]"x) and c(x) :=[R,F]exp (w+ [F,R]"x).
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Numerical experiments: Smooth DC models in biochemistry

We are interested in finding a zero of the function
f(x):= ([F,R] — [R,F])exp (w+ [F,R]"x) ,

where F, R € Z;" denote the forward and reverse stoichiometric matrices, respectively,
where w € R?" is the componentwise logarithm of the kinetic parameters, and exp(-) is the
componentwise exponential function. Finding a zero of f is equivalent to minimizing the
function ¢ (x) := £ (x)||*, which can be expressed as a difference of the convex functions

() =2 (@[> + lle@[?)  and h(x) = [p(x) + )|,
where
p(x):=[F,Rlexp (w+ [F,R]"x) and c(x) :=[R,F]exp (w+ [F,R]"x).
We can also decompose ¢(x) as the difference of the functions
g(x) = [p)* + lle@)|* and  h(x) = 2(p(x), c(x))
with g being convex (thus, V2g(x) is 0-lower definite).
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Regularized coderivative-based damped semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R, 5 € (0,1),( >0, tiin > 0, pmax > 0and o € (0,1).
1: fork=0,1,... do
2: Take wy € dp(x¢). If wp = 0, STOP and return x;.
3: Choose pi € [0, pmax] and dx € R"\{0} such that

—wy € Pgx)(d)+Fpede and  (wy, di) < —C|ldi]|?.

4: Choose any 7y > tyin. Set 7 := 7.

5: while cp(xk + dek) > (p(xk) + O'Tk<wk,dk> do
6: T = BTk

7: end while

8: Setka = Xy + Trdy.

9: end for
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The effect of the regularization parameter p;

Sc thermophilis rBioNet (m=349, n=444)

iAI549 (m=307, n=355)

10%¢ i i i i i 107 ; i i
—%—pp = 100 ] —%—pp = 100
——pp = 10° 5 ——pp = 10° ]
pr = 10° 107 pr = 10°
108 ——pp =1 i —e—pp =1
——pi = gy +10° 10° —e—pp = ol +10°8 |3
pi = 5jwy]| +107° ‘ pi = 5jwy]| +107°

0 100 200 300 400 500 600 700 800 900 1000 10 0 100 200 300 400 500 600 700 800 900 1000
Iteration k Iteration k
Figure: Comparison of the objective values for three strategies for setting the
regularization parameter p;: constant (with values 10°, 103, 10* and 1), decreasing, and
adaptive with respect to the value of ||wy||.
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Regularized coderivative-based damped semi-Newton algorithm

min p(x) := g(x) — hix)

Input: xo € R, 5 € (0,1),( >0, tiin > 0, pmax > 0and o € (0,1).
1: fork=0,1,... do
2: Take wy € dp(x¢). If wp = 0, STOP and return x;.
3: Choose pi € [0, pmax] and dx € R"\{0} such that

—wy € Pg(x)(di) + pedie and  (wy, di) < —C||di|*

4: Choose any 7, > tyin. Set 7 := 7.

5: while cp(xk + dek) > (p(xk) + O'Tk<wk,dk> do
6: T = BTk

7: end while

8: Setka = Xy + Trdy.

9: end for
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Choosing the trial stepsize 7;

Self-adaptive trial stepsize

Input: v > 1,79 > 0.
1: Obtain 7y by Steps 5-7 of the algorithms.
2: Set7) := maX{To, min } @nd obtain 7; by Steps 5-7 of the algorithms.
3: fork=2,3,...do

4: if .o =7« and 7,_; = 7;_; then

5 Tk = VTk—1;

6: else

7: T := max{Tk—_1, fmin } -

8: end if

9: Obtain 7, by Steps 5-7 of the algorithms.
10: end for
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Constant vs. self-adaptive trial stepsize

L lactis MG1363 (m=466, n=546) IAF692 (M=466, n=546) %10°
107 : : . 1400 10’ : : : T " : " " . 4
—+— Algorithm 1 constant —— Algorithm 1 constant
o —+— Algorithm 1 adaptative|{ 1200 —+— Algorithm 1 adaptative|135
10 . .
......... 7 adaptative 108 e 7y, adaptative
13
1000
10° lys
10° §
= =
8 4 G 3
5 10 & 5 S
10*
103 L
10° £
10%
10t S WOE WS 102 WY o 9 N ateonnd 0
0 50 100 150 200 0 20 40 60 80 100 120 140 160 180 200
Iteration k Tteration k

Figure: Comparison of the self-adaptive and the constant (with 7, = 50) choices for the
trial stepsizes for two biochemical models. The plots include two scales, a logarithmic one
for the objective function values and a linear one for the stepsizes (which are represented
with discontinuous lines).
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Our algorithm vs. DCA & BDCA

L lactis MG1363 (m=486, n=615)

IAF692 (M=466, N=546)
105 T T T 3 T T T T T T T T T
—— Algorithm 1 constant —— Algorithm 1 constant
—— Algorithm 1 adaptative 108 —— Algorithm 1 adaptative|4
DCA DCA
——BDCA constant ——BDCA constant
10% ¢ ——BDCA adaptative ——BDCA adaptative
104 F - ]
S S
2 L
10 102 ; ________________________ - -
100 100 3
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Iteration k Iteration k

Figure: Value of the objective function (with logarithmic scale) of our algorithm, DCA and
BDCA for two biochemical models. The value attained after 500 iterations of BDCA with
self-adaptive stepsize is shown by a dashed line.
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Our algorithm vs. BDCA on 14 biochemical models

T T T T
14r X time BDCA ]
13+ X X time Algorithm 1 adaptive |
time Algorithm 1 constant
12 X + time Algorithm 1 adaptive | |
11 % X X X
10 - ;1
X X o
o 9 X X
58 % % 1
o 7L X X 4
€ '---- I S e o
= 6 X % % g X § X & % i
St X X X X § ;E ]
Al X X x|
X
3t X X %
2 +
P $—-+--¢--¢r S
éo
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. AG and GD

Ecoli_core (m=72, n=94)
10*

—+— Algorithm 1 constant
DCA

—»—BDCA constant

—a— BDCA adaptative

—+— Algorithm 1 adaptative
103 ) ™

. . . . | |

100 150 200 250 300 350 400 450
Iteration k
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Our algorithm vs. AG and GD

Stepsize for AG 1e-5

10°

104 4

103 i

o(xr)
2
o‘/'.

10.1 L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Iteration
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Minimization of Piecewise Nonconvex Loss Functions

We consider the optimization problem

1 < >
: U >
min ¢ m;vc x) + Allx[?, (2)
where v is a C"! real-valued function formed by twice differentiable pieces, where ¢; € R”
and )\ > 0. Specifically, we consider a C':'-smooth function v : R — R given by the
expression

v(t) == vi(t) ifr € (i, ) andi=1,...,p,
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Example: binary classification

Consider the nonconvex loss function proposed in Zhao-Mammadov-Yearwood 2010 for
binary classification that is defined by

1 r< —1,
v(r)i=q P —3t+1 —1<r<1, 3)
0 t>1.

=il 1 !

Figure: Plot of the loss function v in (3) and the objective function ¢ in (2) forn =m = 1,
c=2and A =0.1
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The MNIST database consists of 70 000 grayscale labeled images of handwritten digits
from 0 to 9 with a resolution of 28 x 28 pixels. The dataset is split into a training and a test
set of 60000 and 10 000 sample images, respectively. Given a pair digits d; and d,, we
consider problem (2) with the piecewise loss function (3) and vectors ¢; € R7® are taken
as:

%j

1

[:1} if the label of image j is d|,
ci =
’ (4] ifthe label of image j is s,

where z; denotes grayscale values of the flattened images whose labels are d; or d,.

Label: 1 Llabel: 1 Label: 1 Label: 2 Label: 7 Label 7 Label: 7 Label: B Llabel: 6 Label 6 Label 6 Label: 6

V14121 Yy 71 &€ 0/

Label:1 Llabel: 2 Label:1 Label 1 Label 1 Label 7 Label: 7 Lavel 6 Latel: 6 Lavel 8 Label & Label:6

216 112 S LS OC

Label:1 Llabel2 Label:2 Label: 2 Label 7 Label 7 Label: 7 Label: 8 Label: 8 Label: 8 Label: 8 Label: 8

W2 »z 177 8§88 %
(a) Digits 1 and 2 (b) Digits 1 and 7 (c) Digits 6 and 8
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Success training Success test Time (sec.) Iterations
Digits Noise  RCSN GD RCSN GD RCSN GD RCSN GD
1,2 0.01 99.72%  99.73%  99.26%  99.28% 67.7 158.2 857.9 4148.5

1,2 0 99.71%  99.71%  99.29%  99.27T% 64.3 155.2 851.9 4166.0
1,7 0.01 99.85%  99.86%  99.36%  99.39% 51.9 149.5 673.3 3939.3
1,7 0 99.84%  99.87%  99.40%  99.39% 46.6 162.1 591.7 4176.9
5, 6 0.01 99.27%  99.27%  98.03%  97.98% 111.8 2154 1623.5 6404.5

=
=]

0 99.24%  99.26%  97.98%  97.99% 122.2 2370 1732.2 6689.3

6, 8 0.01 99.70%  99.72%  99.03%  99.12% 86.9 1921 1205.1 5452.1
6, 8 0 99.68%  99.71%  99.05%  99.04% 88.0 185.0 1243.4 5353.4

Table 1: Results of Experiment 2 for the binary classification problem on the
MNIST dataset for various pairs of similar digits. We present the average
values of Algorithm 1 (RCSN) and the gradient descent algorithm (GD) for
10 random starting points.
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