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Outline of the course

Motivations and Examples

Elements of Nonsmooth Analysis

Density theorem

Applications
> In classical analysis : Mean value theorem, Monotonicity theorem.
» In Optimization : Necessary optimality conditions, Calmness as a
constraint qualification condition, Value function,
» In optimal control: Value function in optimal control, Verification
function, Minimal time problem, Necessary optimality conditions of free
time problems, Invariance, Hamilton-Jacobi equations
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Motivations
Nonsmooth problems arise in many fields of applications, for example in
@ image denoising,
@ optimal control,
@ neural network training,
@ data mining,
@ economics, and
@ computational chemistry and physics.

Moreover, using certain important methodologies for solving difficult smooth
problems leads directly to the need to solve nonsmooth problems. This is the
case, for instance in

@ decompositions,
@ dual formulations, and
@ exact penalty functions.
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Difficulties caused by nonsmoothness

SMOOTH PROBLEM: NONSMOOTH PROBLEM:

e Descent direction is obtained at the e The gradient does not exist at every

opposite direction gradient Vf(x). point, leading to difficulties in defin-
ing the descent direction.

e The necessary optimality condition e Gradient usually does not exist at

Vi(x)=0. the optimal point.
e Difference approximation can be e Difference approximation is not use-
used to approximate the gradient. ful and may lead to serious failures.

e The (smooth) algorithm does not
converge or it converges to a non-
optimal point.
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Existence of critical points

We know that for a differentiable function f at X we have:
X is a local minimum of f = Vf(X) =0.

What happens if f is not differentiable?

Which tools can be used to replace differentiability?
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Example 1: The distance function

Let C be a closed subset of some Banach space (E, || - ||). The distance
function of the set C is the function

x = de(x) = Jgfc ||lu— x||.

E=R"

1. Suppose Vd¢(x) exists and is different from 0. Then
x belongs to the complement of C.
There exists a unique point ¢ in C closest to x.
Vdc(x) =

HX CII

2. Conversely, let x ¢ C. If x has a unique closest point ¢ in C, then d¢
is differentiable at x and Vdc¢(x) = ==¢

[[x—ell*

Problem of differentiabilty for x € C ?
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Example 2: The minmax problem

The second problem concerned with nonsmoothness is the minmax
problem :

ming(x), where g(x)= max f(x,u) (1)
ue
where f is a smooth function with respect to x and C is a set.
The function g will not generally smooth even if f is.
A simple setting of this problem is the case where g is the maximum of
two functions f; and f:

g(x) = max(fi(x), fa(x)).

So the problem of nonsmoothness comes from the corner point x where
fi(x) = f(X).
Problem of differentiabilty to get " critical point condition”!!
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The value function

Let f : R” x RP — R be a function and C C RP be a closed set. Define
the function v : R" — R U {400} by

v(x) = ;gfc f(x,y).

Differentiability

If f is of class C! and C is compact, then v is differentiable at X and
Vv(x) = Vif(X,y), where y € C is a point satisfying v(X) = f(X, y),
provided that C and f are convex.
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Example 3: Constrained optimization
Consider the following family of optimization problems

min f(x)
(Pa) { h(X) =
where f : R" — R and h: R" — RP are given (smooth) functions. Let

v(a) be the value of this problem. In general, this value function will take
values in [—o0, +00]. We have

f(x) > v(h(x)) VxeR".

Necessary optimality
If f(x) = v(0), with h(x) =0, and v is differentiable at 0, then

V£(%) — Dh(x)Vv(0) = 0.

-Vv(0) is a Lagrange multiplier at x for (Py).

v
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Example 4: Constrained optimization: Penalization by the

distance function

Consider the constrained optimization problem
min f(x)
x €A

Clarke penalization

Let A and B be closed sets in X, with A C B, and let X € A. Suppose
that f is Lipschitz on B with constant K. Then the following assertions

are equivalent :
1. X is a minimum of f over A,
2. For all K" > K, X is a minimum of the function

x = f(x) + K'da(x)

over B.
4

Problem of differentiabilty to get " critical pomt condltlon 1
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Example 5: Constrained optimization under calmness

condition
Consider the constrained optimization problem

min f(x)
P) g9 <0

f and g are continuous convex functions. Set A:= {x € E : g(x) < 0}.

Penalaization under Calmness

o 8(x)

Suppose that o := inf
PP “ ;2/\ da(x)
K-Lipschitz. Then the following assertions are equivalent :

> 0 (Calmness condition). Suppose that f is

1. X is a solution of the problem (P),

2. Ve €]0, af, X is @ minimum of the function

x — f(x) + aK gt (x).

=€

Constrained optimization leads to nondifferentiability _ A _
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Example 6: Flow-Invariant sets

Let S be a closed subset of R” and ¢ : R” +— R" be a locally Lipschitzian

function. The question is whether the trajectories x(t) of the differential
equation

x(t) = (x(t)), x(0) =xo (2)

leaves S invariant. In this case we say that the system (S, ¢) is
flow-invariant.
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Example 6: Flow-Invariant sets

Let S be a closed subset of R” and ¢ : R” — R" be a locally Lipschitzian
function. The question is whether the trajectories x(t) of the differential
equation

x(t) = p(x(t)), x(0) =xo (2)
leaves S invariant. In this case we say that the system (S, ¢) is
flow-invariant.

The set S is a smooth manifold if locally it admits a representation of the
form

S={xeR": h(x) =0}
where h: R" — RP is a continuously differentiable function with
“nonvanishing” derivative on S.

Characterization

Let S be a smooth manifold. The system (2) is flow-invariant iff for every
x0 € S, p(xo0) belong to the tangent space to S at xp.

What happens if S is not smooth? o A _
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Example 7: Minimal time problem

By a trajectory of the standard control system
x = f(x(t),u(t)) ae, u(t)eUa.e. (3)

we mean a state function x corresponding to some choice of admissible
(measurable) control function u. Here f : R"” x RP +— R" is a locally
Lipschitzian mapping and U C RP is a nonempty set. The minimal time
problem refers to finding a trajectory that reach the origin as quickly as
possible from a given point. The minimal time function T is defined on
R" by

T(w) =inf{T > 0: some trajectory x satisfies x(0) = w, x(T) = 0}.
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The principe of optimality leads to: for any trajectory x,
s<t = T(x(t))— T(x(s))>s—t,

that is, the function 8 : t — T(x(t)) + t is increasing, and when x is
optimal the function 3 is constant. So that we expect to have

(VT (x(t)),x(t))+1>0

with equality when x is an optimal trajectory. The possible values of x for
a trajectory being precisely the elements of the set f(x(t), U), we arrive at

min(V T (x(8)), F(x(t), ) +1=0 (4)
ue
We define the (lower) Hamiltonian function h as follows:
h(x, p) = min(p, F(x(t), u))
uel
In terms of h, the partial differential equation (4) above reads
h(x,VT(x))+1=0 (5)

a special case of the Hamilton—Jacobi equation. o ) )
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The following questions arise :

Controllability: Is it always possible to steer w to 0 in finite time?
Existence: do minimal-time trajectories exist?

Differentiability: How do we know that T is differentiable?

If this fails to be the case, then we shall need to replace the gradient VT
used above by some suitably generalized derivative.
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Example 8: Hamilton-Jacobi equations

These equations (of the first order type) are defined by mean of an
Hamiltonian H : R” x R x R" — R as follows

H(x,u(x),Vu(x)) =0 xeQ
{ u= on 092 (6)

where Q C R" is an open set and Vu(x) denotes the gradient of u.
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Example

Consider the following equation in R

{ |u'(x)] =1 x €[0,1]
u(0)=0, u(l)=0»b

If b =0 : Many locally Lipschitzian solutions exist in the almost every
where sense.

e If 0 < b < 1: Existence of nonregular solutions

e If b =1: Existence of a regular solution

If b > 1: There is no continuous solution

CMM-=Universidad de Chile, Santiago, Dece

A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis 17 /98



Definition

A continuous function u is said to be a viscosity solution of the
Hamilton-Jacobi equation (6) if
e u=ond2

e (Viscosity subsolution) for any C*>°-function v, if u — v has a local
maximum at xg € €2, then

H(xo, u(x0), Vv(x)) < 0.

e (Viscosity supersolution) for any C*°-function v, if u — v has a local
minimum at xg € Q, then

H(xo, u(x0), Vv(x0)) > 0.
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Example 9:

Let Q C R” be an open bounded set. Then the function u = d(-,00) is a
viscosity solution of the following Hamilton-Jacobi equation

IVul=1 onQ
u=20 on 02

How to characterize these test functions ?
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Example 10: Sweeping process
(An RCD (Residual Current Device) circuit).

Let us consider a circuit composed of a resistor R, a voltage source u(t),
an ideal diode, and a capacitor C mounted in series. The current through
the circuit is denoted as x(-), and the charge of the capacitor is denoted as

2(t) = =480 _ L o(r) + Lv(t)
0< v(t) Lw(t):=48 _ Loe)+Lv(t)>0, t>0
z(0) eR

The last equation can be expressed in two manners :
e v(t) = max(0, —u(t) + £2(t)).

O V(t) = prOjR+(_u(t) + %Z(t)) (TO be Continu&ﬂﬂ»uﬁ')/ersidad de Chile, Santiago, De
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Some differentiability aspects
Let E be a Banach space. A function f : E — R is said to be

e Gateaux differentiable at u if its directional derivative

Df(u) : hw f'(u, h) ;== lim flu+ th) = F(u)

t—0+t t

is linear and continuous
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Some differentiability aspects
Let E be a Banach space. A function f : E — R is said to be

e Gateaux differentiable at u if its directional derivative

Df(u) : hw f'(u, h) ;== lim flu+ th) = F(u)

t—0+t t

is linear and continuous
e Fréchet differentiable at v if

m f(x) — f(u) — Df(u)(x — u)

T =l

=0
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Some differentiability aspects
Let E be a Banach space. A function f : E — R is said to be

e Gateaux differentiable at u if its directional derivative

Df(u) : hw f'(u, h) ;== lim flu+ th) = F(u)

t—0+t t

is linear and continuous

e Fréchet differentiable at v if

f(x) — f(u) — Df(u)(x — u)

lim =0
x—u [Ix = ull
e Strictly differentiable at u if
_ Yy o/
im f(x) = f(x") — Df(u)(x — x") _o.
x,x'—u ”X — X’H
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Elements of Nonsmooth Analysis
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Making the parallel between
objects

SMOOTH :
1) Gateaux differentiability

2) Géateaux differentiability

3) Fréchet differentiability

4) Strictly differentiability

smooth and nonsmooth

NONSMOOTH : Yh € E
Fu+ th) —f(x)

e lim > (x*, h)
Ot ) — F(u)

o liminf £ F . D> (x* by
t—01
h' —h

o liminf F) = fl0) = X x—0)
o thHX i

e limsu pw > (x*, h)
t—01

Note that the introduction of non-smooth analysis tools depends
largely on the geometry of the space considered.

A. Jourani (Université de Bourgogne)
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Corresponding subdifferentials : Analytic construction

f —f
Fenchel subdifferential: Put f'(x, h) := lim (x+ tw) = F(x)

t—0t t

Orenf(x) = {x* € E* : (x*,h) < f'(x,h), Vh}
Fréchet subdifferential:
f(x+ h) — f(x)— (x*, h)
A
Dini subdifferential: Put f~(x, h) := liminf flx+ tw) = F()

u—sh t
t—0t

> 0}

Opf(x) = {x* € E* : liminf
h—0

O f(x)={x"€ E*: (x*,h) < f (x,h), Vh}
Clarke’s subdifferential: Put fO(xo, h) := limsup flx+ th) = f(x)

x—xq t
t—0t

dcf(x0) = {x* € E*: (x*, h) < f%(xo, h), Vh}

4
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Limiting contrepart

Limiting subdifferential:

OLf(x0) = w* — seq — limsup Orf(x).
f

X—rX0

Sequential approximate subdifferential:

N (x0) = w* — seq — limsup 0~ f(x).

f
X—rX0
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Relationships for locally Lipschitz functions

Asplund spaces :

dcf(x0) = cl* cod,f(x0) = cl* cody *f(xo)
WCG Asplund spaces :

aLf(Xo) = a;eqf(XO)
Outside Asplund spaces

dcf(x0) 2 cl* cody Uf(xo) 2 cl* codyf(xo)

Asplund spaces: Banach spaces on which every continuous convex
function is Fréchet differentiable at a dense set of points.
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Chain rules
f,g: E— RU{+oo} Isc, with g locally Lipschitzian at xp.
aFen(f + g)(XO) = 8Fenf-(XO) + 8Feng(XO) (f,g convex)
dc(f + g)(x0) € dcf(x0) + Ocg(xo)
8A(f + g)(Xo) - (9Af(X0) + (9Ag(X0)
OL(f + g)(x0) € ALf(x0) + OLg(x0)

where 9af(x) denotes the (topological)approximate subdifferential

Asplund spaces:

OL(f + g)(x0) C OLf(x0) + ILg(x0)

Example

Let X = L1[0,1] and let f(u f |sin u(t)|dt and g = —f. Then

8L(f + g)(o) {O} Whlle aLf(O) {0} and 8Lg(O)CMM Universidad de Chile, Santiago, De
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Fenchel subdifferential
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The Fenchel Subdifferential

Definition.

The subdifferential of a convex function f : E — R U {400} at x in the
effective domain Domf of f is the set

OFenf(x) = {x" € E*: (x",y —x) + f(x) < f(y) Vye€E}.

Each vector x* € Openf(x) is called a subgradient of f at x.

Characterization of critical points.

Let f : E — R U {400} be a convex function. Then the following are
equivalent:

@ X is a local minimum of f.
@ X is a global minimum of f.
e 0¢€ ({9Fenf()_().

v
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Geometric representation.

Normal cone.

Let C C E be a closed convex set containing X. The normal cone to C at
X is the weak-star closed convex cone defined by

Neen(C,x) = {x* € E*: (x",x —X) <0Vx € C},

that is, Neep(C, %) = OV (%), where W is the indicator function of C.

Geometric representation.
Let f : E — R U {400} be a Isc convex function and let X € Domf. Then

8Fen X) {X cE*: (X*, _1) S NFen(epifv ()?7 f()_())}a

where epif is the epigraph of f.
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Weak-star compactness.

Let f : E — R U {+00} be a convex function, which is continuous and
finite at X. Then Ore,f(X) is @ non empty convex and w*—compact set.

v

Directional derivative.

Let f : E — R U {400} be a convex function. Then the classical
directional derivative f’(x; d) exists in every direction d € E and for all
x € Domf
® Openf(x) = {x* € E*: (x*,d) < f'(x;d)Vd € E}
@ when f is continuous at x,
f'(x;d)= max (x*,d)Vd € E.

x* eaFenf(x)

Chain rules.

Let f,g: E — RU {400} be lower semicontinuous convex functions finite
at x € E. If g is continuous at X, then

8Fen(f + g)()_() = aFenf()_() + 8Feng()_<)' y

S cMm MjJniversiaad de Ehile, S‘:ntiagg, ADéce
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Clarke subdifferential
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Clarke subdifferential : The analytic contruction.
Let f : E — R U {400} be a locally Lipschiltzian function at X.

Clarke directional derivative.
The Clarke directional derivative of f at X in the direction d € E is defined
by

f°(x,d) = limsup flx+td) = f(X).

X—X t
t—0t

Some properties.
@ The function d — f°(x, d) is positively homogeneous, convex and
continuous.

o Forall d € E, f°(%,—d) = (—f)°(%, d).

The analytic construction.
The Clarke subdifferential of f at X is the w*—compact convex set defined
by

Ocf(x) ={x* € E*: (x*,d) < f°(x,d)Vd € E}.

A
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Clarke tangent and normal cones

Let C C E be a closed set containing X.

Clarke tangent cone.

The Clarke tangent cone of C at X is the closed convex cone given by
T.(C,%) := IimCinf

X=X
t—0t

: X = {heE: d(x,h) =0}

Clarke normal cone.

The Clarke normal cone to C at X is the w*-closed convex cone given by
N(C,x)={x* € E*: (x*, h) <0Vhe T, (C,x)}.

Clarke normal cone.

Nc(C,x) = cl*cone(dcdc(X)).
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Let C C R" be a closed set containing X.
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Let C C R" be a closed set containing X.
Penot (1981), Cornet (1981)
T.(C,x) = liminf K(C, x)

C _
X—X

where K(C, x) denotes the contingent cone to C at x.
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Let C C R" be a closed set containing X.
Penot (1981), Cornet (1981)
T.(C,x) = liminf K(C, x)

C _
X—X

where K(C, x) denotes the contingent cone to C at x.

dr.cx)(h) > d2(%,h) Vh

or equivalently

dedc(X) € BN N(C, ).
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Let C C R" be a closed set containing X.

Penot (1981), Cornet (1981)
T.(C,x) = liminf K(C, x)

C _
X—X

where K(C, x) denotes the contingent cone to C at x.

dr.cx)(h) > d2(%,h) Vh

or equivalently
Ocdc(X) C BN N(C,X).

Wiatkins (1985)

For any v € T.(C,X) and any real number ¢ > ||v||, there exists a
Lipschitz continuous mapping ¢ : [0,1] — C with Lipschitz constant ¢
such that c is strictly right differentiable at 0 with ¢(0) = X and ¢/(0) = v.
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Geometric construction of the Clarke subdifferential.

Let f: E— RU {400} be a Isc function and let X € Domf. The Clarke
subdifferential of f at X is the w*—closed and convex set defined by
dcf(x) = {x* € E*: (x*,—1) € Nc(epif,(x,f(X))}.

Clarke directional derivative as a support function.
Let f: E — RU {400} be a locally Lipschitzian function at X. Then

fo(x;d) = X*énaa;(()_()(x*, d)vd € E.
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Rademacher Theorem.

Let S C R"” be an open set. A function f : S +— R that is locally Lipschitz
on S is differentiable almost everywhere on S.

This leads to the following construction of the Clarke subdifferential.

Gradient characterization of the Clarke subdifferential.

Let f: R" — RU {400} be a locally Lipschitzian function at x. Then
dcf(X) = cl*conv{x* € R" : Vf(x;) = x*,x; = X and f is
differentiable at x,-},
where cl*convS denotes the w*-closed convex hull of the set S.

v

Sum

Let A1, : E — RU {400} be Isc functions and X € Domf; N Dom#, with
f1 locally Lipschitz at X. Then

Oc(fi + £)(X) C 0ch(X) + O fo(X).

v
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Subdifferential of the maximum function

Let f1,---,fp: E — R be locally Lipschitzian function around X, with
f(x) =+ = fp(x). Then

8c(,_n11ax fi)(x) C co[Ofi(X),i=1,--- ,n].

The equality holds whenever all f; are Clarke regular at X.

Clarke subdifferential of the distance function.
Let ¢ belong to C C R". Then

ddc(c) = co{0, im Xi
(¢) = co{0, i HX:—CIH}

where we consider all sequences (x;), (¢;) such that x; is not in C and has
closest point (¢;) in C, and lim x; =c.
_l’_

Exercise.

Compute the subdifferential of the distance function of the set

C ={(x,y) € R?: xy = 0} at (0,0).
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When Clarke's subdifferential is a singleton?

f is Hadamard strictly differentiable (HSD) at u if there exists
Dsf(u) € E* such that

f(x+th)—f(x)
¢ = (Dsf(u), h)

and provided the convergence is uniform for h in compact sets.

Characterization of the HSD
Let x* € E*. Then the following assertions are equivalent:
© f is HSD at u with Dsf(u) = x*.
@ f is Lipschitz near u and
im f(x + th) — f(x) _

X—ru
t—0T t

<", h)
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When Clarke's subdifferential is a singleton?
f is Hadamard strictly differentiable (HSD) at u if there exists
Dsf(u) € E* such that

F(x + th) — £(x)

lim = <Dsf(u)7h>
o+

and provided the convergence is uniform for h in compact sets.

Characterization of the HSD
Let x* € E*. Then the following assertions are equivalent:

© f is HSD at u with Dsf(u) = x*.
@ f is Lipschitz near u and
im f(x + th) — f(x) _

X—ru
t—0T t

<", h)

Uniqueness of the Clarke's subgradient
Let f Lipschitz near u. Then f is HSD at u IFF Ocf(u) is a singleton.

<
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Proximal and limiting proximal subdifferentials
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Metric projection.

Let E be a Hilbert space and C C E be a closed nonempty set. The
metric projection onto C is the set-valued mapping P¢ : E = E defined by

Pc(x)={ve C: dec(x) =||x—u}.

Some properties of the metric projection.

Let x € E and u € C. Then the following assertions are equivalent:
@ u € Pc(x);

u€ Pc(u+ t(x —u)) vVt €[0,1];

de(u+ t(x — u)) = t||x — u|| Vt € [0,1];

(x—uu' —uy < | —ul]? Vv € C.
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Proximal normal cones.

Let x € C

Proximal normal cone.
The proximal normal cone to C at X is the convex cone given by

Np(C,X) := cone(PEl(F() — X).

Variational characterization of the proximal normal cone.
Ny(C,%) = {x* € E: Ja>0; (x*,x — %) < alx — x||?Vx € C}.

In fact the notion of proximal normals is essentially a local property.

Local characterization.

For any given ¢ > 0, we have x* € N,(C, X) iff there exists o > 0 such
that
(x*,x —X) < allx = x||*Vx € CN B(X,9).
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Proximal normal to smooth sets.
Suppose that C has the following representation:
C={x€E: h(x)=0,i=1,---,k} where h; : ERisCL. If
{Vh,-()'(), i=1,--- ,k} are linearly independent, then
o No(C,x) Cspan{Vhy(x), -, Vh(x)}.
o If in addition each h; is C?, then the equality holds.

Proximal subdifferential of the distance function.
Let x ¢ C and x* € Opdc(x). Then there exists u € C so that:
e Every minimizing sequence (u;) C C of infC |lx — v|| converges to u.
ve
e Pc(x) = {u}.
@ The Fréchet derivative Vdc¢(x) exists, and

{x*} = O0pdc(x) = {Vdc(x {HX U||}

o x* € Ny(C,u).

V,
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Proximal subdifferential: Geometric and variational
characterizations.

Geometric characterization.
Let f : E— R U {+o0} be a Isc function and let x € Domf. The proximal
subdifferential is defined by

0pf(%) = {x* € E: (x*,—1) € Ny(epif, (%, (%)) }.

Variational characterization.

The following assertions are equivalent:
° x* € Opf(X).
@ Ja > 0 and § > 0 such that

f(x) — f(X) > (x*,x — X) — a||x — X||*Vx € B(X,d).
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Link with Gateaux derivative.
Assume that f is Gateaux differentiable at x. Then
e Opf(x) C {VFf(x)}.
o If f is of class C? is some neighbourhood V of X, then
Opf(x) C {VF(x)}Vx e V.

The first inclusion may be strict even if f is of class C'. To see this, take
f(x) = —y/|x|® and X = 0. But we have the following:

Density theorem

Let x € Domf, where f is Isc, and let € > 0 be given. Then there exists
x € B(x,¢), with f(x) —e < f(x) < f(X), such that 9pf(x) # 0. In
particular Domd,f is dense in Domf.

Optimality conditions.
o If f has a local minimum at X, then 0 € d,f(X%).

o Let f of class C?, and suppose that X is a local minimum of f over C.
Then —Vf(x) € Ny(C,X).

A
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Limiting counterpart.

Limiting proximal normal.
The limiting proximal normal cone to C at X is the set

Ny(C,X) = w — seq — I|msupr(C X).

X—)X

Before giving a geometric and variational characterizations of the limiting
proximal subdifferentials, let us point out that, unlike the proximal normal cone,
the limiting one is not convex. To see this consider

C:={(x1,x) ER?: xo > —[x1|}. Then

Ne(C,(0,0)) = {(y,y) : ¥y <0} U{(y,~y): y > 0}.

Limiting proximal subdifferential: Geometric characterization

Let f: E— RU{+oco} be a Isc function and X € Domf. The limiting proximal
subdifferential of f at X is given by

DuF(R) = {x* € E* : (x*,—1) € Ny(epif, (%, (%)) }.

CMM-=Universidad de Chile, Santiago, Dece
A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis 46 /98



Proximal subdifferential: Analytic construction. Chain rule.

Proximal subdifferential: Analytic construction.

Of (X) = w — seq — lim sup Opf(x).
f,

X—X

Sum.

Let A1, : E — RU {400} be Isc functions and X € Domf; N Dom#, with
f1 locally Lipschitz at X. Then

e For any x* € 0p(fi + £)(X) and € > 0 there exist (for i = 1,2) points
xj € B(x,¢), with |f(x;) — f(X)| < &, such that

x* € Opfi(x1) + Oph(x2) + B(0,¢).

e Oy(fi + R)(x) C I (X) + Dpfa(X).
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Composition.

Let F be a Hilbert space and F: E— F and g : F — R be locally
Lipschitzian mappings at X and F(X) respectively. Then

@ For any x* € 0p(g o F)(X) and € > 0 there exist x € B(X,¢), with
|F(x) — F(X)|| <e, y € B(F(X,€) and y* € Opg(y) such that

x* € 0p({y*, F(-)))(x) + B(0,¢).
@ If dimY < oo, then

dge )X |J ol FONR).

y*€0g(F(%))
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Normal cones via subdifferential of the distance function

Proximal normal cone.
Assume that E is a Hilbert space. Then

Np(C, %) = cone(8pdc(X)).

Limiting proximal normal cone.
Assume that E is a Hilbert space. Then

Ny(C, %) = clcone(8pdc(X)).
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Relationship between Clarke subdifferential and limiting
proximal subdifferential

For locally Lipschitzian function.
Assume that E is a Hilbert space and f is locally Lipschitz at Xx. Then

Ocf(X) = cl* codpf (%).
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Fréchet and limiting Fréchet subdifferentials

~' CMM-Universidad de Chile, Santiago, Dece

A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis



Limiting Fréchet subdifferential.
Let f: E— RU {400} be a Isc function and let x € Domf.
Fréchet subdifferential.

Let € > 0. The e—Fréchet subdifferential of F at X is the convex and
norm-closed set

e iy pox e F(X4+h) = f(X) — (x*, h)
Oef(x) = {x .I|hm_:gf Al > —¢}.

For £ = 0, we put 9pf(X) = 92f(X).

Limiting Fréchet subdifferential.
The limiting Fréchet subdifferential of f at X is the set

OLf(X) = w" — seq — limsup O f(x).
f,

X—X
e—0t

Asplund spaces are Banach spaces on which every continuous convex

function is Fréchet differentiable at a dense set of P@iitSaiversidad de Chile, Santiago, Dece
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Characterizations of Asplund spaces.

Characterizations.
The following assertions are equivalent:

1. E is Asplund.
2. Forany e >0, > 0,7 > 0 and any Isc functions

fi,fr: E—~ RU{+oc0} and x € Domf; N Dom#, with f; locally
Lipschitz at x
,_-(fl I fg) C {8/:f1(X1 +8,:f(X2) Xj € B(X 5)
[fi(xi) — fi(X)] < 6,i =1,2} + (¢ + 7)Be-.
3. For any Isc function f : E +— RU {+o0} and X € Domf

OLf(X) = w* — seq — limsup Orf(x).
x5z

4. For any lIsc functions fi, f; : E — RU {400} and X € Domf; N Domf,
with i locally Lipschitz at X

OL(f + R)(X) C ILA(X) + OLfa(X).
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Normal cones.

Let C C E be a closed set containing X.

Fréchet normal cone.
Let £ > 0. The e—Fréchet normal cone to C at X is the set
€ S 3 = * * . <X*’ X = )_<>
NE(C,X) = 0pVc(X) = {x* € E* : limsup ————= < ¢}.

TP T xl

Limiting Fréchet normal cone.

The limiting Fréchet normal cone to C at X is the set

N (C,%x) = w" — seq — limsup Ng(C, x).

C_
X—rX
e—0t
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Normal cone characterization of Asplund spaces.

A characterization of Asplund spaces.
The following assertions are equivalent:
1. E is Asplund.
2. For any closed set C C E and any boundary point X € C

N (C,X) = w" — seq — limsup Ng(C, x).

€ =
X—X
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Remarks.

Remark.
Note that in the finite dimensional case £ = R”, the limiting Fréchet

normal cone coincides with the one in Mordukhovich [13]:

No(C, x) == limsup cone(x — Pc(x))

X—X

where "cone” stands for the conic hull of a set and Pc(x) means the
Euclidean projection of x on the closure of C.

Remark

@ The limiting Fréchet normal cone is not convex.

@ There are a closed subset C of the Hilbert space ¢? and a boundary
point X € C such that N (C, X) is not norm closed.

A. Jourani (Université de Bourgogne)
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Geometric characterization.

Geometric characterization.

Let f: E— RU {400} be a Isc function and X € Domf. The limiting
Fréchet subdifferential of f at X is given by

OLf(R) = {x* € E*: (x*,—1) € Ny(epif, (%, F(X))}.
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Density theorem
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The density theorem and the Ekeland variational principle

In this section, 0 will denote one of the previous subdifferentials with
appropriate Banach spaces.

(Density theorem).

Let X € Domf, and let € > 0 be given. Then there exists x € B(x, ), with
f(x) —e < f(x) < f(x), such that 9f(x) # (. In particular Domdf is
dense in Domf.
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The density theorem and the Ekeland variational principle

In this section, J will denote one of the previous subdifferentials with
appropriate Banach spaces.

(Density theorem).

Let X € Domf, and let € > 0 be given. Then there exists x € B(x, ), with
f(x) —e < f(x) < f(x), such that 9f(x) # (. In particular Domdf is
dense in Domf.

Ekeland variational principle

Let E be a Banach space and f : E — R U {+0o0} be a Isc function which
is bounded from below on some closed set C C E. Then, given v > 0, and
u € C, with f(u) < 400, there exists v € C such that

flv) <f(x)+vlx—v| VxeC

F(v) +llu— v < ().

v
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Applications

o Classical Analysis
@ Optimization

@ Optimal control
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Classical Analysis
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Nonsmooth classical analysis

Lebourg mean value theorem.

Suppose that f is locally Lipschitz on some open convex set €. For each
a,b € Q, with a # b there exists ¢ € [a; b) and x* € O.f(c) such that

f(b) —f(a) = (x*,b— a).

Zagrodny mean value theorem

Given a Isc function f : E — R U {400}, for each a, b € Domf, with a # b
there exists ¢ € [a; b) and two sequences

e (xx) C E, kETooXk = &
o (x;) C E*, with x; € Ocf(xk)
such that

liminf(x;, b—a) > f(b) — f(a)

k—~+o00

b—c
> = re) - f(a)).
—+00 |6 — al CMM.-Universidad de Chile, Santiago, D¢
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Given a Isc function f : E — R U {4o00}. The lower Dini derivative of f at
x € Domf in the direction d € E is

dF(x, d) = liminf LX) = F09

t—0+t t

Diewert mean value theorem.
For each a, b € Domf, with a # b there exists ¢ € [a; b) such that

d” f(c,b—a) > f(b) — f(a).

Let f : R" — R be a function. One says that f is decreasing if
f(y) < f(x) whenever x < y.

The inequality x < y is understood in the component-wise sense: x; < y;,
i=1,---,n.

Characterization of the monotony.

f is decreasing iff x* < 0 Vx* € 0.f(x), Vx € R".
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Extension

Let K C E be a closed convex cone and K° be the negative polar of K,
that is,

K% :={x* € E*: (x* h) <OVhe K}.

Characterization of the monotony.
Let f : E — R be a function. The following assertions are equivalent:

o f is decreasing with respect to K, that is for all x,y € E, with
y—x€eK, f(y) <f(x),

e J.f(x) C K°, ¥x € E.
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Optimization
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Necessary optimality conditions.

@ E and F are Hilbert spaces
o f: E—~ RU{+o0} and g : E — F are mappings
@ C C E and D C F are closed sets
The optimization problem :
min f(x)
(P) xeC
g(x)eD

In this part of applications, we use the notation 0 for the
limiting Proximal subdifferential or for the Clarke

subdifferential.
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Lagrange multipliers

Fritz-John Lagrange multipliers
(A, z*) is a Fritz-John Lagrange multiplier for (P) at X if
FJ1 (A, z*)#0
FJ2 X>0, z* € N(D, g(x))
L2 0 € MOf(X) + 0(z* o g)(X) + N(C, X)

Fritz-John multipliers with Y = R"™ or D is a closed convex cone with
nonempty interior

Suppose that f and g are locally Lipschitz at x local solution for (P).
Then there exists a Fritz-John Lagrange multiplier (A, z*) for (P) at X.

CMM-=Universidad de Chile, Santiago, Dece

A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis 67 /98



The failure of the necessary optimality conditions

Brokate

Let X = Y = /2 be the Hilbert space of square summable sequences, with
(ex) its canonical orthonormal base and let the operator A : /> — |? be

defined by
A(Z x,-e,-) = Z 21_’x,-e,-.

Then A is not surjective and Im(A) is a proper dense subspace of /2. The
adjoint A* is injectif but not surjectif. So let x* ¢ Im(A*) and set f = x*,
g =Aand D = {0}. Then 0 is only the feasible point and it is the
optimum for this problem. Moreover there is no Fritz-John Lagrange
multiplier for this problem at 0.
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The failure of the necessary optimality conditions

Brokate

Let X = Y = /2 be the Hilbert space of square summable sequences, with
(ex) its canonical orthonormal base and let the operator A : /> — |? be

defined by
A(Z x,-e,-) = Z 21_’x,-e,-.

Then A is not surjective and Im(A) is a proper dense subspace of /2. The
adjoint A* is injectif but not surjectif. So let x* ¢ Im(A*) and set f = x*,
g =Aand D = {0}. Then 0 is only the feasible point and it is the
optimum for this problem. Moreover there is no Fritz-John Lagrange
multiplier for this problem at 0.

What is missing here?
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The failure of the necessary optimality conditions

Brokate

Let X = Y = /2 be the Hilbert space of square summable sequences, with
(ex) its canonical orthonormal base and let the operator A : /> — |? be

defined by
A(Z x,-e,-) = Z 21_’x,-e,-.

Then A is not surjective and Im(A) is a proper dense subspace of /2. The
adjoint A* is injectif but not surjectif. So let x* ¢ Im(A*) and set f = x*,
g =Aand D = {0}. Then 0 is only the feasible point and it is the
optimum for this problem. Moreover there is no Fritz-John Lagrange
multiplier for this problem at 0.

What is missing here? Closedness of the rang of A
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When do we get Fritz-John-Lagrange multipliers if
dimY = 4007

Before the 90’, the only well known results when dimY = +o00 assumed
that

D is a closed convex cone with intD # ().
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Fritz-John multipliers

Let X be a solution of the problem (P) at f is locally Lipschitzian and g is
of class C1. Suppose D is a closed convex cone with non empty interior.
Then there exist A > 0 and y* € N(D, g(x)), with (X, y*) # 0, such that

0 € MF(X) + D*g(X(y*) + N(C, ).

How to avoid the interiority assumption?

How to include the finite-dimensional situation?
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Fritz-John multipliers

Let X be a solution of the problem (P) at f is locally Lipschitzian and g is
of class C1. Suppose D is a closed convex cone with non empty interior.
Then there exist A > 0 and y* € N(D, g(x)), with (X, y*) # 0, such that

0 € MF(X) + D*g(X(y*) + N(C, ).

How to avoid the interiority assumption?
How to include the finite-dimensional situation?

The answers to these questions are given in J. and Thibault (1995) where
the unification appears for the first time.
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Existence of Karush-Kuhn-Tucker(KKT) multipliers
KKT multipliers

z* is a KKT Lagrange multiplier for (P) at x if
L1 z* € N(D, g(x))
L2 0 € Of(x) + 9(z* o g)(X) + N(C,X)
Let KKT(x) denotes the set of KKT Lagrange multiplier for (P) at x.
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Existence of Karush-Kuhn-Tucker(KKT) multipliers

KKT multipliers
z* is a KKT Lagrange multiplier for (P) at x if
L1 z* € N(D, g(x))
L2 0 € Of(X) + d(z* o g)(X) + N(C, %)
Let KKT(x) denotes the set of KKT Lagrange multiplier for (P) at x.

Calmness and metric regularity

Consider the system
xeC, g(x)eD. (7)

The system (7) is said to be calm (resp. metrically regular) at X if there
exist a > 0 and r > 0 such that

dg-1(p)nc(x) < a(dp(g(x)) + dc(x)) Vx € B(x,r)
(resp.

dg-1(p—y)nc(x) < a(dp(g(x) +y) + dc(x)) Vxe B(x,r), Vy € _B(O,Ar)).
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Example 1: Calmness of linear inequality systems
Consider the linear inequality system
(x',x)+b;<0 i=1,---,m

with solution set S, bj € R and x* € H, with ||x}|| = 1, where H is a
Hilbert space.

Al

Two following properties hold and are equivalent
(i) there exists o > 0 depending only on (x)ica,, such that

ds(x) < af(x), VxeX
(i) (Farkas Lemma) forall uin S, N(S,u) = RL0f(u)
where f(x) = Z max(0, (x;', x) + b;) and N(S, u) = Ry0d(u, S).

o
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Example 2: Calmness of linear equality-inequality systems

the following linear equality-inequality systems
Ax=0, (x',x)+b <0 i=1---,m (8)

with solution set S. Here A: X — Y is a linear continuous mapping such
that R(A), the rang of A, is closed, b; € R and x* € X*, with ||x*| = 1.
loffe, A.J.

Then there exists a > 0 such that

ds(x) < af(x), ¥xe X

where f(x) = HAXH~|—Z( x*, x) + bi)y.
i=1
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Example 3: Necessary and/or sufficient conditions for
calmness of convex systems

Burke and Ferris

Suppose X is a Hilbert space and f is convex and proper. If S is closed,
then the following are equivalent
(/) There exists a > 0 such that

ds(x) < afi(x) Vxe X

(i) 0d(S,x) C aofy(x) for all x € S.
Where 1 (x) = max(f(x),0)

Under Slater condition
Suppose f convex and f(xp) < 0. Then for all x € X

()
() <

[1x = xo-

o’
“ CMM-Universidad de Chile, Santiago, Dece
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Example 4: Calmness of eigenvalue matrix inequality
systems
The eigenvalues of the symetric matrix X are A1(X) > -+ > A,(X).

J. Ye and A.J.

For any given constants «;, ¢ such that Y i ; o # 0, the set

n
S = {X cS": Za;A;(X) < C}
i=1

is nonempty and

d(X, 1) < (Za)\(X —¢), VX¢S5. (9)
IZ, il

If moreover a; > -+ >, >0and c=0o0ora; = ap =--- = a, > 0 then
Zh/ﬁw is the smallest constant for which inequality (9) holds.
i=1 "

v
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Example 5: Calmness of eigenvalue matrix inequality
systems
For an integer k between 1 and n, consider the function

E.(X) := sum of the xth largest eigenvalues of X.
Then it is clear that

Eo(X) = iA,(X) = Z aiAi(X) VX e,
i=1 i=1

witha; =1, i=1,...,kand o; =0, i=x+1,...,n.
D. Azé and J.-B. Hiriart-Urruty
Let S4 := {X : E;(X) < c}. Then the set S; is nonempty and

d(X,S4) < g (E«(X)—c), VX ¢S,

Moreover, if either ¢ = 0 or kK = n, then the constant \/TE is the smallest
one satisfying the last inequality.
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Example 6: Calmness of eigenvalue matrix inequality
systems
For integers k,/ between 1 and n, with k < [, consider the function

KL(X) := sum of the kth and /th largest eigenvalues of X.

Then it is clear that

n
KL(X) = M(X) + M(X) =D aidi(X) vX €8,

i=1

with a; =1, i=k,/and a; =0, i # k or i # /.

J. Yeand A. J.

Let Sg := {X : KL(X) < c}. Then Sg is nonempty and

WV

d(X,S6) < S(k, /)

(KL(X) —c¢), VX ¢ Se,

where s(k,/) =1if k =1and s(k,/) =2 if k # I.
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Example 7: Sufficient conditions for calmness of
nonconvex inequality systems

The positive linear independence condition: C = X, D = R7

m
D AVE(x) =0, Xi=0,i=1,m= M= =\p=0.
i=1

Robinson condition : C and D are convex
0e int(Dg(>‘<)(C -x)—(D - g(>‘<)))

or equivalently

Dg(x)(T(C,x)) — T(D,g(x)) = Z.

Rockafellar condition : D C R™

2 € N(D,g(x)), 0¢€d(z"og)(X)+ N(C,X) = z* =0
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KKT multipliers

Let X be a solution of the problem (P) at which f and g are locally
Lipschitz. Suppose that the system (7) is calm at X. Then there exists
y* € N(D, g(x)) such that

0 € 9f(x)+ 9(y* o g)(x) + N(C, x).

The generality may exclude simple cases
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Refinements of necessary optimality conditions : D = {0}

min f(x)
{ s.c. g(x)=0, xeC (10)

(Hf) f is Gateaux differentiable at xp and locally Lipschitz around xp with
constant Kr > 0
(Hgl) g is continuous and Gateaux differentiable around xg .
We consider the following system

Find xe C, g(x)=0 (11)

Theorem
Let xo be a local solution of the problem (10) where the system (11) is
calm. Suppose that (Hr) and (H}) hold. Then there exists y* € Y* such
that

—Df(x0) — D*g(x0)y™ € N(C,xp).
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Refinements of necessary optimality conditions : D ¢ Y
closed set

min f(x)
{ sc. g(x)eD, xeC (12)

(Hf) f is Gateaux differentiable at xp and locally Lipschitz around xp.
H?2 is Gateaux differentiable at xg and locally Lipschitzian around xg.
g) &

Theorem

Let xp be a local solution of the problem (12) where the system (7) is
calm. Suppose that (Hr) and (HZ) hold. Then there exists

y* € N(D, g(xo)) such that

—Df(x0) — D*g(x0)y™ € N(C, xp).

v
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Connection with the subdifferential of the value function
To the problem (P), we associate the family of problems

min f(x)

(Py)) { xec

g(x)+yeDh
Let v(y) be the value of this problem, that is, v(y) := inf(P(y)) and S(y)
be the solution set of (P(y)).
Estimating the subdifferential of the value function

Suppose that dimF < oo, f and g are locally Lipschitz at any x € 5(0),
and there exists a compact set K such that

S(y) C K fory near 0.

Suppose also that the system (7) is metrically regular at any x € 5(0).
Then v is locally Lipschitz at 0 and

av(0) c | KKT(x).
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Subdifferential of the value function
Let us consider the following family of problems where the data depend on
the parameter

min f(x, y)

(Q(y)) xeC

g(x,y) €D
Let v(y) be the value of this problem, that is, v(y) := inf(Q(y)) and S(y)
be the solution set of (Q(y)).

Partial metric regularity
We say that the system
xeC, gxy)eD (13)

is partially metrically regular at X with respect to y if there exist a > 0 and
r > 0 such that

do1pync(x) < a(dp(g(x,y)) +dc(x)) Vx € B(x,r), Vy € B(7,r),

Y

where g_l(D) ={x € E: g(x,y) € D}. CMM-Universidad de Chile, Santiago, Dé
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Subdifferential of the value function

Suppose that dimF < oo, f and g are locally Lipschitz at any, (X, 0), with
x € 5(0), and there exists a compact set K such that

S(y) C K fory near 0. (14)

Suppose also that the system (13) is partially metrically regular at any
x € 5(0) with respect to 0. Then v is locally Lipschitz at 0 and
ov(0) C | J {y* € F*: (0,y") € 4f(%,0) + 9u(z* 0 g)(%,0)

%€5(0)

+Ny(C,x) x {0}, z* € Ny(D, g(x,0))}

v
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Optimal Control
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The value function in optimal control

Consider the following parametrized optimal control problems

min f(x(T))
(Q(7,w)) E ))6 F(x(t))a.e.t €[r, T] (15)

where f : R” — R is a continuous function and F : R” = R" satisfying

Vx € R",  F(x) is a nonempty compact convex set (16)

F is upper semicontinuous (17)

Iy >0,8>0 sup |yl <~lx|+ 8, ¥x. (18)
yeF(x)

Let v(7,w) be the value of this problem, that is, v(7,w) := inf(Q(7,w))
and S(7,w) be the solution set of (Q(7,w)).
CMM-=Universidad de Chile, Santiago, Dece

A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis 86 /98



Properties of v

The lower Hamiltonian h and the upper Hamiltonian corresponding to F
are defined by

h(x,p) := VQFI?X)@, v) and  H(x,p):= Vggé)(p, v).
Proposition
o S(r,w) #0.

o If F is locally Lipschitz, that is, for all x € R"” there exists Kx > 0 and
rx > 0 such that

F(u) C F(v) + Kyllu — v|[B  Yu,v € B(x, ry) (19)

then v is continuous. Moreover v is locally Lipschitz provided f is.

Exercise

Compute the proximal and limiting proximal subdifferentials of v.

v
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Verification function
The augmented Hamiltonian is the function h defined on R” x [0, T] x R”
by B

h(x,0,p) =0 + h(x, p).

Let X be a feasible arc for (Q(0, xp)).

Verification function
A continuous function ¢ : [0, T] x R"” — R is a verification function for x
if

o h(x,1,0,p(t,x)) > 0V(t,x) €0, T] x R,

® ¢(T,-) = f(-) and (0, x0) = F(x(T)).

Theorem

A feasible arc x is optimal iff there exists a continuous verification function
for x; the value function v is one of such verification function for any
optimal arc.

v
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The minimal time problem

The minimal time control problem consists of a given closed set S (the
"target set”) and a control system in which the goal is to steer an initial
point w to the target set along a trajectory of the system in minimal time.
The minimal time value is denoted by Ts(w), which could be +oo if no
trajectory from w can reach S. The system involved is governed by the
differential inclusion considered in (15). So

Ts(w) = inf{T > 0: some trajectory x satisfies x(0) = w, x(T) € S}.

Theorem

Suppose F satisfies (16)-(19). Then there exists a unique lower
semicontinuous function ¢ : R” ] — 00, +00] bounded below on R" and
satisfying the following:

e Vx ¢S, h(x,0pp(x))=-1,

e Each x € S satisfies p(x) = 0 and h(x, Opp(x)) > —1.
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The minimal time problem

The minimal time control problem consists of a given closed set S (the
"target set”) and a control system in which the goal is to steer an initial
point w to the target set along a trajectory of the system in minimal time.
The minimal time value is denoted by Ts(w), which could be +oo if no
trajectory from w can reach S. The system involved is governed by the
differential inclusion considered in (15). So

Ts(w) = inf{T > 0: some trajectory x satisfies x(0) = w, x(T) € S}.

Theorem

Suppose F satisfies (16)-(19). Then there exists a unique lower
semicontinuous function ¢ : R” ] — 00, +00] bounded below on R" and
satisfying the following:

° Vx ¢ 57 h(X7aP<p(X)) =
e Each x € S satisfies p(x) = 0 and h(x, Opp(x)) > —1.
The unique such function is ¢(-) = Ts(-).
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Violation of the lower semicontinuity of Ts and the
existence of optimal trajectory

The following examples show the necessity of the assumption (18). Define
F:R? = R? by
Flxy)={(1,1+y*)}

Violation of the lower semicontinuity of Ts

Consider the target set S = {5} x R. Then one has Ts(0,0) = oo, while

m
lim Ts(s,0) = —-.
A, Ts(e:0) =5
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Violation of the existence of optimal trajectory

Consider the target set S = {(x,y) € R?: x > Z, y(x — 3) = 1}. Then
the reachable set R7(0,0) from (0,0) at time T, that is,

R7(0,0) := {x(T) € S: x is a trajectory for F,x(0) = (0,0)},
is given by

[ {T}x[0,tanT] fO<T<Z
RT(O,O)—{ {Thx[04oo] T35 2

Thus as
Ts(0,0) =inf{T >0: RT(0,0)NS # 0}

then one has Ts(0,0) = 5 but no trajectory reaches S from (0,0) in this
time.
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The proximal subdifferential of the minimal time function

For r > 0, define
S(r) =={weR": Ts(w) <r}

the r—level set of Ts(+).

Computation of the proximal subdifferential
Suppose F satisfies (16)-(19). Then
@ For all x € S, we have

OpTs(x) = Np(S,x)N{p e R": h(x, p) > —1}.

@ Whenever r > 0 and Ts(x) = r, then

OpTs(x) = Np(S(r),x)N{p € R": h(x,p) = —1}.
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Lipschitz continuity of the minimal time function

Characterization of the Lipschitz continuity
Suppose F satisfies (16)-(19). Then the following are equivalent:
@ There exists 7 > 0 such that Ts(-) is Lipschitz continuous on S + nB.

swp loll < co.
x€S,p€dp Ts(x)

@ There exist n > 0 and § > 0 such that

x€S5°N(S+nB), péex—Ps(x) = h(x,p) <—0|lp||.
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Necessary optimality conditions of free time problems

The free time problem are optimal control problems where the

minimization is given jointly in time and state:
r_r’]in) f(T,x(T))

(FT(w)) x(t) € F(x(t))a.e.t € [0, T] (20)

x(0) =w

where f : R” — R is a locally Lipschitzian function and F : R" = R"

satisfying (16)-(19). )

Let v(w) be the value of this problem and T > 0.

Necessary optimality conditions

Let (7_',_)'() be a solution to the problem (20). Then there exists an arc p
on [0, T] such that

o (—p(t),x(t)) € OcH(X(t),p(t)), a.e. t €0, T];

o H(x(t),p(t)) = a(= constant), 0 <t < T and
(a,=p(T)) € 0ef (T, X(T)).
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Invariance
Let S C R" be a closed set.
Weak invariance

The system (S, F) is said to be weakly invariant provided that for all
X0 € S, there exists a trajectory x on [0, +o0[ such that

x(0) = xp, x(t) € SVt>0.

Theorem
Let F satisfying (16)-(18). Then the following are equivalent:
o (S, F) is weakly invariant;
@ h(x,Np(S,x)) <0VxeS;
o F(x)NK(S,x)#ADVxeS;
e F(x)NcoK(S,x)#0VxeS.

Here K(S, x) denotes the contingent or Bouligand cone to S at x.

v
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Characterization of solutions of Hamilton-Jacobi equations

Theorem
A continuous function v on Q C R" is

e a viscosity supersolution of (6) iff for all x € Q
H(x,u(x),x*) >0 Vx* € 0ru(x)
e a viscosity subsolution of (6) iff for all x € Q
H(x,u(x),x*) <0 Vx* € 9t u(x).
Here O0f u(x) = —0r(—u)(x).

CMM-=Universidad de Chile, Santiago, Dece

A. Jourani (Université de Bourgogne) An introduction to Nonsmooth Analysis 96 /98



Characterization of test functions

Lemma

Let u be a continous function on Q. Then

(i) x* € Oru(x) if and only if there exists a function ¢ € C1(Q) such that
V(x) = x* and u — ¢ has a local minimum at x.

(ii) x* € Of u(x) if and only if there exists a function ¢ € C1(Q) such
that Vi(x) = x* and u — ¢ has a local maximum at x.
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Example
Let 2 C R"” be an open set and 7 : Q — R be a continuous function which
is 1—Lipschtit on 9Q. Then the function ¢ : Q — R defined by
o(x) = ingQ{Hy — x| + f(y)} is a viscosity subsolution of the
ye

Hamilton-Jacobi equation

{ IVe(x)|=1 xeQ
oo = f
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