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Mean Field Game Problem

Model introduced by Lasry, Lions and Huang, Malhamé, Caines, 2006

—Ou — % Au+ H(x, Vu) = F(z,m(t)) in[0,T) x T
Oym — "Q—QAm —div(0,H (z,Vu)ym) =0 in (0,7] x T¢, (MFG)

uw(T,-) =up(x), m(-,0)=myg in T

e T >0,0eR\{0}, H(z,p) is convex and differentiable w.r.t. p

@ in the 1st line we have a Hamilton Jacobi Bellman (HJB) equation
backward in time

@ in the 2nd line we have a Fokker Plank equation forward in time

@ mg and then m(t, z) represents the density of a probability measure
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Mean Field Game Problem

Model introduced by Lasry, Lions and Huang, Malhamé,Caines, 2006

—O0pu — ”—;Au + H(z,Vu) = F(m) in T¢ x [0, 7),
dm — % Am — div(9,H (z, Vu)ym) =0 in T¢ x (0,7], (MFG)
u(T,-) = up(xz), m(0,:) =myg in T4

Our aim is

@ to propose a new numerical scheme by discretizing a Newton
method in infinite dimension
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Some references of Numerical Approximation of MFG

@ Y.Achdou, |.Capuzzo-Dolcetta ('10),Y.Achdou, F.Camilli,
|.Capuzzo-Dolcetta ('12), Semi-implicite Finite Difference scheme,
Newton lteration

e E.C.,F.J.Silva ('14, '15) Semi-Lagrangian scheme

@ Y.Achdou, M.Lauriere ('20), Combine Continuation Methods with
Newton lIterations

e H. Li, Y. Fan, and L. Ying ('21). Multiscale method for mean field
games. Second order accurate

e F. Camilli, Q. Tang ('23) Newton's method in infinite dimension for
Mean Field Games
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Assumptions

We assume o # 0 and for o € (0,1)

(H1) mo is n positive, mo € P(T?) N C2+*(T?), ur € C2+(T?)
(H2) F, F’, F" are uniformly bounded mappings from R™ — R.
Moreover, F'(-) > 0

(H3) H : T? x RY — R continuous, two times differentiable in p and there
exists ¢, C' > 0 such that
el < Hyp(z,p) < CI, (z,p) € T x R?

Under (H1)-(H3) the MFG system admits one classical solution
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Newton method

Following (Camilli Tang 2023) we define the map

—Oyu — %QAU + H(Du) — F(m)
) dym — % Am — div(mH,(Du))
T:(u,m) — ¢ 2 P
I ) et
m(0) — mo(z)
Then system (MFG) is equivalent to
T(u,m)=0

and the corresponding Newton's iterations can be written, at a generic
iteration n, as

JT(un—17mn—1)(un . un—l,mn _ mn—l) — _T(un—1’ mn—l)_ (1)
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Newton method

The Jacobian of T is given by
JT (u,m)(v,p) =

-0 — %QAU + H,(Du)Dv —F'(m)p
—div(mH,,(Du)Dv) dip — % Ap — div(Hy(Du)p)
u(T, ") 0
0 p(0,-)

Then (1), formally, gets for n > 1
—Opu" — %QAU” +q"Du™ = ¢"Du""t — H(Du™Y) + F(m" 1)+

F/(mnfl)(mn o mnfl)
om™ — U—;Am” — div(m"q"™) = div(m™ ' Hpp(Du™ 1) (Du"™ — Du™"1))
m"(z,0) = mo(x), u"(x,T)=up(x)

()
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Newton method

The Newton method reads:
given (u®,m?), find (u™, m™) by solving (2) for n > 1

Theorem (Camilli Tang 2023)

If the initial guess (u®, m°) is close enough to the (u, m) solution of
(MFG) , then

lu—u"{|goa +[lm—m"|lco < C*(lu—u""|gor +[[m—m""|co)?. (3)

Notation:
l[ullcoa = [Jullco + | Dullco
For simplicity, next we consider the the Eikonal HJB equation
2
H(z,p) ==

L V()
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Linearized HJ

Given

lg"(t, z)|?

L(t,x) = 5

—|—F(m”_1 (t, a?))—{—F'(m”_l(t, x))(m" (¢, a:)—m”_l (t,z))
let us consider

—dpu" — G AU + ¢ Du™ — L(t,x) = 0
u™(T,z) = ur(z)

Representation formula for u™(t, z) holds true

T
u"(t,x) = E(/ L(s, X"*(s)ds + uT(Xt"”(T))),

t

where

S S
Xb¥(s) = —/ q" (r, Xt’”“'(r))dr—i—/ odW(r) forall s€t,T).
t t
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Main Ingredients for SL scheme

@ Rapresentation formula in [tg, t311]
th+1
u"(ty,r) = (/ L(s,th»“”(s)ds) +u" (tpa1, X (ter1))
ty

@ Semi discretization in time by one-step weak Euler:
Let us approximate the stochastic characteristics by

X' () ~ x — Atq" (ty, x) + AW,

where P(AW = +V/At) =1

@ Trapeizoidal rule for Running cost

trk41
/ L(s, X" (s)ds ~ AtL(t, z)

ty

Ref. Camilli, Falcone(1998), Falcone, Ferretti (2014)
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Fully discrete SL scheme for HJL
Let us define {u;;} as the solution to

{ s = § o T )i = e (bsi) & VD + ALt m) (g

Un,,, = wp(x;).

where for a given grid function f
©) =) Bi(@)f;
J
where {3;} denotes the P; basis of piecewise linear function, and

N ECRDE , ’ n—1
L(tkaxl)_f—i_v(xl)—i_F(mkz )+F(mkz )(mkz_mkz )

where my ; ~ m"(z;, ty)
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Backward explicit SL scheme for HJL

For given Q} = {¢"(ty,z:)}, M} = {mzz} compute U}' = {uzz}
{ U = AQNDU, + AW M + AtB;, k=0,...Na— 1,

Uk =Ur
(5)

where, given {mzzl} we define

(AQ))ij == 5 >4 Bi(wi — At(Q)i + VAL)
(Wk)u = F'(m,“ )0 1,3
(By); : w + V(@) + Fmi ) + F'(mi ymp !
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Fully discrete adjoint SL scheme for FP

Given
G(t, ) = div(m™ (¢, z)(Du"(t,z) — Du""'(t, x)))
let us consider

om" — %Am” —div(m"q") = G(t,z)
m"(x,0) = mo(x).

Using the dualilty property

[ rpgte = [ (g sas

of the operators

0.2

L*(m) = f?Am —div (q(x)m)
o2
L(u) := —?Au +q(z)" Du
we derive a scheme for the FP
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Adjoint SL scheme for FP
For given Q = {¢" (tk, =)}, Ul = {u;}, compute M® = {m] ;}

M]?_H:A*(QZ)M]?—FAtZkUg—FAtCk, k=0,...,Na:+ — 1
ijE} = My,

where A*(Q) is the transpose of A(Q)) and, for given M;*™!, 2, is the
matrix defined such that

(ZkU)i = (DaeMP™1)i(DagUr)i + (M2~ 1) (Lapa, Ui
~ div(mT“1 (tg, ;) (Du" (tg, x;)))

and

(Cr)i = —(Dae M )i(Q1)i — (M 1)i(diva.QR)i
~ —diV(mn_l(tk, xi)q(tk, :L'z))
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Fully discrete Newton scheme

Given (U™"1, M™1), define Q} := DU and compute (U™, M™) as
solution of the linear system
U;L:A(QZ)U£+1+AthM£+AtBk k=0,...Nas— 1,
Mg+1:A*(QZ)M]?—FAtZkU,?-FAtCk_;_l, k=0,...,Nas—1
Un,, =Ur Mg = Mo,

( Newton-SL)
which can be written as an Hamiltonian system

(_AZ __f@ (ﬂ) = (%) (6)

Proposition

If M™ > 0, then for any n € N there exists a unique solution (U™, M™) to

(6)
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Implicit FD scheme for HJL
Given ¢",m™,m"~!, we define {uf;} for k= 0,... Na; — 1 as the
solution to the following Implicit FD scheme

{ up ;= upy g+ AtquapuZ’i + Atq"™ (tx, xi)Dhuz’i + AtL(ty, z;)

UN,,, = up(x;).

(FD)
where
k o’ n
pi = =+ Al (b, zi)l
and
"t s Ly 2 n
L(ty, x;) = w + V(i) +F(mkz ) +F’(m,“ )(mig; — mkzl)

which can be rewritten as
{ Ug = Uil — AtDLUL + AtWi M + AtBy, k=0,...Nas — 1,
U]T\L,At =Ur
(7)
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FD Newton scheme

Given (U™"1, M™1), define Q} := DU and compute (U™, M™) as
solution of the linear system, for K =0,..., Na; — 1
Up =Up — At(DRUR + Wi M)} + By)
My = My? — At((Dr)* My + ZkaUplyy + Crp)
Un,, =Ur Mg = Mo,
(Newton-FD)

Proposition

If M™ > 0, then for any n € N there exists a unique solution (U™, M™) to
( Newton-FD)

21/34



Table of Contents

@ Numerical Simulations

22/34



Newton SL Algorithm

Initial guesses MY, U and tolerances 6 > 0,7 > 0
Compute Q° = Dpu®, set g =1, n =0
While €, > 1
Compute M™, U™ by ( Newton-SL)
(Gauss-Seidel with tolerance ¢)
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Newton SL Algorithm

Initial guesses MY, U and tolerances 6 > 0,7 > 0
Compute Q° = Dpu®, set g =1, n =0
While €, > 1
Compute M™, U™ by ( Newton-SL)
(Gauss-Seidel with tolerance ¢)
Update Q", n=n+1
Let €n = || My — My 1l|oo + [1Un — Untillo
End While
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Newton FD Algorithm

Initial guesses MY, U and tolerances 6 > 0,7 > 0
Compute Q° = Dpu®, set g =1, n =0
While €, > 7
Compute M"™, U™ by ( Newton-FD)
(Gauss-Seidel with tolerance ¢)
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Newton FD Algorithm

Initial guesses MY, U and tolerances 6 > 0,7 > 0
Compute Q° = Dpu®, set g =1, n =0
While €, > 7
Compute M"™, U™ by ( Newton-FD)
(Gauss-Seidel with tolerance ¢)
Update Q", n=n+1
Let €n = || My — My 1l|oo + [1Un — Untillo
End While
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MFG 1d

Let us choose H(p) = &, V(x) =0,

4sin®(2m(x — 1/4)) ifz € [1/4,3/4]
mo(@) = 0 otheriwise
F(m(x)) = 3mo(z) — 4min(4,m), up=0.

We set 0 = 0.05, T =0.05, 7 =5 = 10~% and periodic boundary
conditions.
We solve the MFG system using

Newton-SL, Newton-FD, FD-Newton (Ref. Achodou, Capuzzo Dolcetta
(2010))

and Fixed Point-SL (Carlini-Silva 2014)
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Comparison Newton-SL vs

’ h H Eo(u) H Eo(m) H Time H Iterations ‘
’ Newton-SL ‘

2.50 -102 5.51 -10~2 1.64 107! 0.61s 6

1.25 -102 2.40 -1072 1.16 -107! 2.77s 7

6.25 -1073 1.83 -1072 6.61 -10~2 13.92s 7

3.125 -1073 450 1073 1.41 -1072 80.60s 7

2.50 102 5.75 102 1.62 -107! 8.09s 10

1.25 -102 2.84 1072 1.11 -107¢ 40.79s 10

6.25 -1073 2.15 1072 5.84 .10 2 259.72s 12

3.125 -1073 9.50 1073 6.51 -1073 2793.71s 12

Table: Errors for the approximation of solution (u,m) using Fixed Point and

Newton SL schemes with At = h%/2/2

26/34



Newton-FD vs FD-Newton

’ h H Eo(u) H Eo(m) Time H Iterations
’ FD-Newton
2.50 -102 1.23 .10~ 1 3.11 102 2.23s 7
1.25 1072 6.21 1072 1.63 -102 18.32s 8
6.25 -10~3 3.14 -1072 8.75 -10~3 92.91s 8
3.125 1073 1.77 -1072 9.54 -1073 597.21s 8
Newton-FD
2.50 102 1.532 -107! 3.42 1072 1.48s 7
1.25 -102 6.71 -1072 1.83 -10~2 12.27s 7
6.25 -10~3 3.37 -1072 9.51 1073 68.10s 7
3.125 -1073 1.91 -1072 7.38 1073 436.01s 7

Table: Errors for the approximation of solution (u,m) using FD-Newton and
Newton-FD shemes with At = h/4
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MFG 1d
Let us choose H(p) = p?, V(x) = 200 cos(2rx) — 10 cos(4rz),
1
mo(z) =1+ 3 cos(2mz), wur =sin(4mz) + 0.1cos(107x),

F(m(x)) = m?,

We set T' = 0.01, 7 = § = 10~* and periodic boundary conditions.

We solve the MFG system using Newton-SL, Newton-FD, FD-Newton
(Ref. Achodou. Capuzzo Dolcetta 2010) and We set At = h for the two
finite differences schemes, and At = h3/2/2 for Newton-SL
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MFG 1d 0 =04

Newton-SL Newton-FD FD-Newton
??\ Y\
: \ 400

\ 7]
: T V \\//
m Initialun:a;s“TrVLo e o cost pote

Terminal cost ur

Potential V'
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MFG. Newton-SL o = 0.02

Value Function

o oo oo o S ]
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MFG 2d, Newton-SL

Let us choose H(p) = p?, V(x) = —sin(27rx1) — sin(27z2) — cos(4nz1),
T=1r1=6=10"%, periodic boundary conditions,

mo(z) = 1+ 12cos(2mxy) + 12 cos(2mz2), up = cos(2mxy) + cos(2mzs),

F(m(z)) = m?.

We solve the MFG system using Newton-SL with At = h?

Potential V'

Terminal cost ur

[} = = =
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MFG 2d, Newton-SL
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Conclusions

@ FD-Newton and Newton-DF show similar behaviour in terms of CPU
time and accuracy

@ Newton-SL needs the cheapest CPU time and shows comparable
accuracy with respect to the other methods

e Newton-SL scheme works well in hyperbolic regime (o small)
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