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Consider the Poisson-Neumann equation

{—Au* =fonQ

Opu* =0 on 90
with Q := [0,1]¢ and f an L2 source term.

How to solve numerically this problem when d is large ?
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The state is a wave function ¥(xq,

-+, xy) where xq,
position of N particules (x; € R%). The fundamental state verifies
with

A + Viyh + Veyp = Egtp on Q

Xy is the

0 =0 on 0N

o Vi(xq, -+ ,x ZZ =R (R; position of atoms’
nuclei)

° Ve(Xla X

ZZ|><:—><J|

ij<i
N can be very large je 10, 100 — d > 300 !
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Why neural networks ?

@ Some theory exists to reduce the dimension of the problem :
DFT, Hartree-Fock, ... but it includes model approximations.

o Classical methods (finite volumes, finite elements,...) fail
because of the use of a mesh — curse of dimensionality.
Some works show the relevance of using neural networks for

regression problems and PDEs (FermiNet, PINN,...) in high
dimension.
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We need an adapted space for neural networks
[Lu et al., 2021, Barron, 1993].

[l = :

e Spectral definition of 3°(Q) with B := B? :
Y (L+m[k[)|a(k)]
keNd
@ The function u being written as :

u= Z (k) cos(mkixi) - - - cos(mkaxq)
keNd
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Let x : R — R be an activation function and B > 0 :

x — ax(w-x+b):
Fy(B) = a,beR,

,|al < 4B
w € Rd,
the space of features.

wl=1,]p| <1 }
If u € B(Q) then u is the H closure of the convex hull of
Feos(llullzi)) and Fo,(llull))-
<O (@ A Er < Er E HAX
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on(x) =

0 si|x|>1
x+1 si —1<x<0
1—-x si0<x<1.

y
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Fundamental properties

Theorem ([Lu et al., 2021])

o Let u € B() then for all m € N, there exists (a;, wj, bi)i<m
such that :
lullB)

vm

|u = tmllp) < C

1 m
with um(x) = p Z ajon(w; - x + bj).
i=1

o If f € B%(Q) then the solution u* of Poisson-Neumann's
equation verifies ||u*||5) < d||f]|0(q)
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There exists (aj, w;, bj)i<m such that :

11l 500

HU* — Um“Hl(Q) < Cdﬁ
with um(x) = / aoy(w - x + b)dum(a, w, b) with :
(S)



oy(wy -x+ b)) €ER

on(wa - x+ b)) €R

1
— > ajon(w; - x+ by)
m=;

oy(Wm - x+ by) ER

it
v

Figure: A two layer neural network representation
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This suggests to study the following problem
* oL

p* = argminEp(p) == argmin € (/ aoy(w - +b)du(a, w b))
1 o

where € : H}(Q) — R is the Poisson-Neumann energy

E(u) = (/ |Vul® + (/ udx) )—/qudx

We will consider the following gradient curve

dput
t> —_ = — .
vt > 0, ar V Ep(ut)
<Or «Fr «E=r «=» E VA
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There exists a gradient curve for the energy £p and it satisfies the
transport equation :

{at,ut + div((—=Mvy, )pe) = 0

Mt=0 = Mo

(2)
with vy, := Voo, ¢u(0) = dEpy ) (P(8;-)) and N the projector
onto the tangent space of ©.
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Notation:

Ppu = / aoy(w - +b)du(a, w, b)
©
potential writes :

the convex combination associated to the weight p. The velocity

6.(0) = /Q V(Pap)(x)VO(0: x) — F(x)®(6: x)dx

+ [ (Pan)()es [ 0(0ix)a

with 6 := (a, w, b) and ®(6; x) := aoy(w - x + b).
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The support of the initial measure g verifies :

{0} x Sga(1) x [-Vd —2,Vd +2] C supp(1u0)

Under hypothesis 1, if u; converges towards p* in the Wasserstein
sense then u* is optimal.

Proof based on the work [Chizat and Bach, 2018] but there are
differences...
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We consider modal solutions :

ug(x1, -+, xq) := cos(mky - x1) - - - cos(mky - Xq).
To know :

@ Two-layer neural networks,

@ integrals approximated by Monte-Carlo and automatic
differentiation (tensorflow/keras with n samples per batch),

@ gradient descent with learning rate equals to £ := — with m
the network's width.

nm
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Figure: Solution for d = 1 and m = 1000
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(a) The case d =1 and k = (3)
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(b) The case d =1 and k = (5)

Figure: Loss and L2 error
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d> 17k:(kla0a"' 70)1 uk(xla"'

,Xd) = COS(T('kl . X]_).

2 3 4 5 6 7 8 9 10 11 12 13 14 I
d

5

(a) m = 100
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d

(b) m = 1000
Figure: Effects of dimension for different frequencies and width m
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Figure: m = 1000, k = (1,1,0,---,0), d = 10
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A case in high dimension
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Figure: m = 1000, k = (1,1,0,---,0), d = 10
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@ Quantum chemistry application,

@ Dynamical PDEs — accelerate the learning phase,

@ Multilayer neural network — promising results in simulation.
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