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Objective of the talk

Recall of Unbalanced Optimal Transport
Shortcomings of UOT

Contribution: A new penalization on the marginals

Disclaimer

Work in progress

Not technical talk



Unbalanced Optimal
Transport



I OT: Recall

The Wasserstein distance: optimal displacement of mass

OT(u )= _jnf [ x=yldn(xy) (1)
m€ll(p1,p2) JRd xR

IT(pe1, pe2) el {m e My(RY x RY) s.t. w(RY x A) = pa(A) and w(A x RY) = 1 (A),

VA C R}

e Hard (mass-preserving) hard constraint on the
marginal = |u| = |us|
e When u; = 37 aidy, and py = ZJ’L bjoy,:

OT (1, o) = PéU(i;‘b)<C7 P) (2)

with Cj = |Ix; — ;13 and U(a, b) efipe R s.t. Plm = aand PT 1, = b}



| UOT: Definition

Relax the hard marginal constraint of OT by soft
constraint [CPSV15]

UOT(u ) = inf / X — y|2dn(x.y)
RY xRd

TEM 4 (RIxRY)
+ MKL(TY, ) + AoKL(72, o) (3)

™ =7(- x RY), 72 = (R x -), A\, Ay > 0

Not necessarily || = |u2]
Generally: KL or TV or ¢, penalization
e 7/ same support y;

When || = |po], UOT 225 OT



| UOT: Definition

Can be rewritten as
1

UOT (1, o) = inf OT(x', m%)

TEM 4 (RYxRY)
+ A (KLY ) + KL(7%, p2))  (4)

KL i oT
M1 > T <

Y
A

o 71! 72 proxies for juy, s

e Atoms _vveights (but not locations) can change
from 7' to y;

e Masses of |y, can be informative



I UQOT: First Example
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J uoT outliers

Interesting case: y, is infected by outliers

‘& 3

e UOT seems to be robust to outliers
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J UOT Birth and Death

Find a trajectory when the size of clusters can vary

Balanced OT
A [
o U2
¢ U3
Unbalanced OT
r v 7 ..
[ J >
¢ ms

= 7

e Can deal with birth and death of population
[SST+19]



Drawbacks of UOT



Juor

Current penalizations compare 7' with p; vertically

', ) Zalog—’ —a;+aj, (5)

=Y 0idy, and ' = Y ajéy,

e No geometric information of support
* Change of weights driven by |Ix; — ;|3

e 7' can be misleading as proxy of y;



I Some Toy Example - Outliers
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Figure: Source distribution x; (up) and proxies ; for KL
penalization (bot)



I Some Toy Example - Birth and Death
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Figure: Source distribution p; (up) and proxies ; for KL

penalization (bot)



A New Penalization



I(SeowetHcPenaHzann

Penalization should consider the geometry of the
marginals’ support

 OT(n', )
* MMD(w, 1)
where

MMD (s, w1) = [ kX))l ()
+/d dk(x,x’)dwl(x)dwl(x’)
—QAdmexmmuwﬂa) (6)

e Here Gaussian kernel k(x,x') = exp ( Iix y”2> o>0
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I Geometric Penalization - OT

UOT(u ) = inf / X — y|2dn(x.y)
RI xR

W€M+(RdXRd)

=+ /\10T(7T1, [1,1) + )\QOT(’]T2, [Lz) (7)

o |7 = |l = || = |p2]

e Conserve overall mass: not death/birth but rather
redistribution of mass

e Avoid cluster collapse
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I Geometric Penalization - MMD

UOT(u, ) = inf / X — yl2dr(x.y)
RI xR

TEM 4 (RIXRY)

-+ /\1MMD(7T1,[JJ1) -+ /\2MMD(7T2,[JJ2)

e Not necessarily |u1| = | s
e Lot of close atoms = expensive to discard

e Few close atom = easy to discard

(8)
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I Toy Examples
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Figure: Source distribution p; (up) and proxies «; for MMD
penalization (bot) for Outliers (left) and Birth death (right)



I Optimization

e UQOT; is a convex minimization problem

e Sinkhorn iterates [CPSV18]:
u¥ = prox{h (a1 o vt v = proxs,

where G = e~ IIx-YII3/< Gibbs Kernel and:

eKL
prOXAD

e OT and MMD more expensive than KL

(GtUQI) %) GTU2I

(z) = argmin,g.eKL(U|2) + AD(ula) ,Vz € R"
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I Conclusion

Take home message:
e Proxies 7' must not be to far from y;
e Geometries of y; can be important

e MMD and OT penalization can be computed via
Sinkhorn

Future works:
e Consider other penalizations:

NLL (', 1) / _log ( / e'zfa%'zdw’(x)) du(y) (9)

e Relax the fixed support constraint
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