From micro to macro: mean field,

hydrodynamic and graph limits

S SORBONNE Emmanuel Trélat .!’ll

Work with Thierry Paul

multi-agent dynamics, Valparaiso, Jan. 2024



Credits: https://david.1li

Understand the relationships between finite particle systems with N agents

(usually called microscopic scale models) and their various limits as N — +oc:
@ kinetic / mean field limit: Vlasov equation (usually called mesoscopic scale)
@ probabilistic lift: Liouville equation

@ hydrodynamic / graph limit: Euler equation (usually called macroscopic scale)

As a surprising consequence: any (quasi)linear PDE can be obtained as the graph limit
of a family of finite particle systems.



https://david.li

Liouville

atp + diVE(Yp) =0

Dirac
embedding
p(t) = 0x ® d=(y)

spé@iﬁc p(0)
appropriate moment

N =00

particle system

(zz —0) N

th (b, 20,75,606) |

specific p(0)
P = 10"

Vlasov

Oppr + dive(X[plu) =0

embedding )

v-magnokinetic
embedding
H(t) =r® 6y(t,z)

first*order moment
y(t,z) = fwfd,utz(f)
(0p1n1pn model or

v-morokinetic case)

v= % Efil bz,
y(t,z:) = &(t)

Euler

Oy = Aly)

&(0) = y(0, =)



specific p(0)
p(t)n = H(H)*"

Liouville

Oip+div=(Yp) =0

Vlasov

O+ dive(X[ulp) =0

N . N
spégiﬁc p(0) edding .
appropriate moment w(t) = 5 i1 0z, ® Ogp) ﬁrst"—\\order moment
Dirge N =00 an field limit @) = s € dpeo(€)
embedding v-mqnokinetic (opjnilion model or
p(t) = dx ® Oz embedding y-moriokinetic case)
u(t) =|v ® byt
embedding . d
v=L13N B
particle system illas = Euler
y(t, ;) = &(t)
( =Dy Ay = Aly)
iy =
ZG (t Zuz],fug])
graph limit N5 +oo



Microscopic particle system
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Microscopic particle system

N = ZG (e, &' m),  i=1,...,N

eN(t) e RY

G’V R x R? x R? — RY: interaction between the particles i and j

Examples:
@ Hegselmann—Krause first-order consensus (opinion propagation) model:

N
N %Z”/‘/N(ff’(t) —eN) a0

@ Cucker—Smale: N
a'(ty=pM), PN Z (g — gl (e (1) — (1))

@ Hamiltonian systems with
N

HN(a1,p1, -, an, ) = Zh(qpp, Z (). P> Gk Pi)



Microscopic particle system

: 1< .
MO ={ L GG W.E0), =1 N
J=

eN(t) e RY

G{}’ :R x R? x R? — RY: interaction between the particles i and j

We make the following crucial assumption:

(G) There exist a complete metric space (2, dg) and a continuous mapping

G:RxOQxQxRIxRY — RY
(t7X7X/7§7§l) H G(I7X7X,7£7£/)7

loc. Lip. wrt (&, &) uniformly wrt (¢, x, x”) on compact sets, and
VN eN* I xq,...,xy € Qs.t.

G(t, X, x,6,6") = G (,.¢,¢')  VteR V& eR? Vije{l,...,N}

(kind of continuous interpolation)



Microscopic particle system

ZG (LeM@),eMw),  i=1,...,N

eN(t) e RY

G’V R x R? x R? — RY: interaction between the particles i and j

Under (G), the particle system is equivalently written as

XNt =
N

EN(E) = Z (txMxN N, M), i=1,.. N

i.e., setting XN = (xNV, ..., xN) € QN and =N(t) = (&(1),....EN(D)),

‘é“(r) = yYN(t, XN, =N (1)) ‘

where YN(t, X, ) = (YN(t, X, ), ..., YN(t, X,)) and YN(t, X, =) = ZG (£, X0, X, &1, €j)

(time-dependent vector field defined on (R%)V) ’ !



Microscopic particle system

: 1< .
MO ={ L GG W.E0), =1 N
J=

eN(t) e RY

G{}’ :R x R? x R? — RY: interaction between the particles i and j

Let (®N(t, X, -))tes (I C R) be the local-in-time flow of diffeomorphisms of RN
(particle flow) generated by the time-dependent vector field YN(t, X, -).

Lemma (uniform maximal time)

VK C Q x R? compact, ITmax(K) € (0, +c0] sit. YN € N*, V(X,=(0)) € KN,
the particle solution t — ®N(t, X, =(0)) is well defined on [0, Tmax(K))-
Moreover, VT € [0, Tmax(K)), the set ®N([0, T] x KN) is contained in a compact
subset of R depending on T but not on N.




Microscopic particle system

G (t,eN@), M),  i=1,...,N
i j

eN(t) e RY

G’V R x R? x R? — RY: interaction between the particles i and j

Example: for the Hegselmann Krause opinion propagation model:

N

Zo M () — N ty)

/:1

&0—NZo@tr§u 1

Assumption (G) requires that:
3Qando € ¢0(Q%) st. YN € N*, 3x,... . xy € st a(xN,xV) = o!(> 0).

We have then G(t, x, X", £,¢') = o(x, x") (&' =€), and Tmax(K) =



At the end: graph limit

Two points of view

N
. 1
Particle system: g,N(t):NZG(t,x,’v,x/-N,g,N(t),g]N(t)), i=1,...,N— +oco
j=1

@ Riemann sum limit £V (t) ~ y(t, xV) (graph limit)
one (deterministic) opinion assigned to each agent i

~ 8ty(t,X):A(t,y(t,X)):/QG(t,X,X’,y(f,X),y(l’,X’))dV(XI)

@ Liouville paradigm
random opinion assigned to each agent /
then take marginals (~» mean field limit)
then take hydrodynamic limit ~» same equation

GRAPH LIMIT = EULER

averaging randomness ~~ determinism
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From micro (particle) to macro (Euler): graph limit

Notion of graph limit: introduced by [Medvedev, SIMA 2014] and used recently by:
[Biccari Ko Zuazua, M3AS 2019], [Esposito Patacchini Schlichting Slepcev, ARMA 2021],
[Ayi Pouradier Duteil, JOE 2021], [Boudin Salvarani Trélat, SIMA 2022], [Bonnet Pouradier Duteil Sigalotti, M3AS 2022]

Tagged partition associated with v € P(Q)

VN € N*, we say that (AN, XV) is a tagged partition of Q associated with v if
@ AN =(QF,..., QW) with disjoint subsets QN C Q s.t.

Ca

N
. 1 . .
Q= UQ{V with V(Q,N) =N and dlam(QlN) < N Vi
i=1

for some Cq > 0 and r > 0 not depending on N.

@ XN =(xN, ... x})with xN € Q.

Riemann sum convergence theorem:

N
" 1
Vf v-Riemann integrable, / fdv = N Z FON) + o(1)
v i=1

as N — +oo.



From micro (particle) to macro (Euler): graph limit

The graph limit (i.e., taking the limit of the Riemann sum) of the particle system
. 1N
Wiy = N SoGt o 1NN, M), i=1,...,N

=

as N — +co is the

Euler equation

By (t, x) = At y(t, %)) = /Q G(t, %, %', y(t, %), y(t, X')) dw(x')

Proposition
Assume Q compact. Let v € P(Q) and y° € L(Q,RY). Set K = Q x ess.im(y°).
The Euler equation has a unique solution on [0, Tmax(K)) such that y(0, -) = y°(-).

(will follow from the next results)



From micro (particle) to macro (Euler): graph limit

Example: for the Hegselmann—Krause opinion propagation model:

1

N
(0 = 5 Dot Mg — V(D) J
/:1

we have G(t, x, x",&,&") = o(x, x")(&' — &), and the Euler equation (graph limit) is

By (t, x) = Ay(t, x) = /Q o (%, X )y (1, X') — y(t, %)) o' J

Spectral properties of the bounded operator A studied in [Boudin Salvarani Trélat, SIMA 2022]
=- consensus results.
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From micro to macro: graph limit

Theorem (start with y°)

Let y0 € L5°(Q, RY) and let y solution of Euler s.t. y(0,-) = y°(.).
For any N € N*, set

N
Y0 =D €M (D) Tgn(x)
i=1
where (€N(1), . .., £N(1)) solution of the particle system s.t. €N(0) = yO(xN) Vi.
@ If y0 is v-Riemann integrable then
1€t ) = Y )] o g ey = o)
as N — +oo, uniformly on compact intervals.

@ If Gis loc. Lipschitz / (x, x’, €,¢") and y9 is Lipschitz then

@ , i
||y(t7) _yN(t7 ')”LOG(Q’RCI) < 2%(1 + Llp(yo))eZtLp(G)

(Lipschitz constant on the supports of y and yN)




From micro to macro: graph limit

A second result is:

Theorem (start with =)

VN € N*, let =) € RN and let t — =N(1) = (&M(1), ..., EN(1)) € R solution of

the particle system s.t. =V(0) = =I. We set as before

N
PNt =360 1gn(x).
i=1
Let yn solution of Euler s.t. yn(0,-) = yN(0,-) (i.e., yn(0,x) = £N(0) if x € QN). Then:
||yN(t7 ) - }/N(t, ')HLOC(QﬂRd) = 0(1)

as N — +o0, uniformly on compact intervals.

If moreover Giis loc. Lipschitz / (x, x’, &, £’) then

C )
H.VN(iw)—yN(t,~)||LOC(Q,Rd) < 2W§:eZILIp(G)

(Lipschitz constant on the supports of yy and yN)




From micro to macro: graph limit

Sketch of proof of the first theorem in the Lipschitz case:

By definition, d;y(t,z) = [, G(t,z,x", y(t,2), y(t,x"")) dv(x"), hence

Oyt x)—dry(t,x') = / G(t, x, X", y(t, x), y(t, ")) d(x")— / Gt X, X", y(t, %), y(t X)) d(x")
Q Q
+ /Q Gt X', %", y(1. %), y(t, ")) d(x")— /Q Gt X', X", y(t, X', y(t, ")) di(x")

hence
16e(y(t, x) = y(t, XN < L (da(x, x") + [ly(t, x) = y(t, x)])

and therefore
ly(t,x) = y(t&, x| < & (Iy°00) = y° ()| + da(x, X))
Hence y(t) has the same regularity (continuity or Lipschitz) as y° and

Lip(y(t,)) < €™ (1 + Lip(¥(0, -)))



From micro to macro: graph limit

Set rN(t) = y(t,xV) — €N(t), fori=1,...,N. We have

N
(0 = 5 50 (Gl x5yt 1, (1) — Gl 1, €, 64 + (0
Jj=1
rN(0) = 0, with
N
(1) = /G(t, Moxy(tx), y(t X)) du(x) -~ ZGt,x,,x Lyt Y, y(t X))
j=1

discrepancy between integral and Riemann sum, estimated by
N Caq
e (DIl < —Llp(x = Gt XN, Xyt xN), y(t, X))
Finally, setting RV(t) = (rl¥(1),..., (1)), we get
don BN N Ca o0
A Dlleo <NIAT@lleo < L{ 21 (Do + 77 (1 + €7(Lip(y") +1))

and the theorem easily follows.
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For measures on R:

Wasserstein distance:

Virope € iR WaGunope) =sup { [ Fllur —a) | € Lin(R), Lip(r) < 1}

and more generally Wp(u1, po) defined with couplings, for every p > 1.

: 1/p ,
Wp (11, p2) = inf { (/52 de(y1, y2)° d”()’u}’z)) | M e P(E?), (m1)«M = 1, (m2)M = #2}

where 7y : E2 — E and 7, : E2 — E are the canonical projections defined by 7 (y1, y2) = y; and
ma(y1, y2) = yo forall (y1, y2) € E x E. Equivalently,

. p\1/P
Wp (w1, p2) = inf (IEd;_:(Y17 Y2) ) | law(Yy) = p1, law(Ya) = po

where the infimum is taken over all possible random variables Y; and Y: (defined on a same proba-
bility space, with values in E) having the laws 11 and p» respectively.



For measures on R:

Wasserstein distance:

Virope € iR WaGunope) =sup { [ Fllur —a) | € Lin(R), Lip(r) < 1}

and more generally Wp(u1, po) defined with couplings, for every p > 1.

For measures on Q x RY:
Marginal: Vi € P(Q x RY), its marginal v € P(2) on Q is

1/271'*;1:,[,1,071'71 where 7: QxR Q

Disintegration of pwrtv:  u = [, ux dv(x) where ux € P(RY)

L} W, distance: Yu', u? € Pp(Q x R?) having the same marginal v on Q, we define

(Wo(r', 1) <) Lle(u1,u2)=/ﬁWp(/«bl,ui)dV(X)



Lagrangian viewpoint: mean field limit and Vlasov equation

Mean field
Mt x €)= [ Gltxx 6.€) dulx )

= [ [, 6txx & €) dun(€) dnlx)  W(tx,€) ERx QxR
Q JRA

Examples:
Hegselmann—Krause model X[p](t, x, €) :/ ) o (X, X')(€ — €) du(x’, ')
QxR
p
Cucker—Smale model X[u](t, x, &) = < / / . )
Jaxrrxre alla = a'1N(E’ = p) du(x',¢)



Lagrangian viewpoint: mean field limit and Vlasov equation

Mean field
Mt x €)= [ Gltxx 6.€) dulx )

= [ [, 6txx & €) dun(€) dnlx)  W(tx,€) ERx QxR
Q JRA

Vlasov equation

O+ dive (X[p]p) =0

Equivalently, disintegrating ¢ = p(t) as put = [q pue,x dv(x):

Otput,x + dive (X [pe] (F, X, -)pe,x) =0 for v-almost every X € Q

Recall that div(X' ) = L x p (Lie derivative of the measure p) is the measure defined by

Wspps ) = =(pu, Lsplf) = = /d X.Vidy Vfe €& ®RY).
JR



Lagrangian viewpoint: mean field limit and Vlasov equation

Mean field
Mt x €)= [ Gltxx 6.€) dulx )

= [ [, 6txx & €) dun(€) dnlx)  W(tx,€) ERx QxR
Q JRA

Vlasov equation
O+ dive (X[p]p) =0

Concept of solution:

0 ([0, T), Po(Q x RY)) = setof u € €°([0, T), Po(Q x RY)) that are equi-compactly
supported on any compact interval of [0, T), i.e.:

Vi € (0,T) IKC QxR | supp(u(t)) C K Vtelo,t].

o A solution t — pu(t) of Vlasov on [0, T) such that 1.(0) = po € Pe(Q x RY) is a
1 € Eomp([0, T), Po(Q x RY)) st Vg€ CX(QxR?), t— [gduisACon |0, T)and

/ gdur:/ gduo+// (Ved(%,€), G(r, %, X', £,€")) dpur (X, €') dpin (x, €) o

QxRrd QxRrd QxRI)2
x * (xRS ae.on[0, 7).
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Lagrangian viewpoint: mean field limit and Vlasov equation

Theorem: existence, uniqueness and stability for Vlasov

1. Y € Pe(Q x RY) 3lu € ([0, To), Pe(Q x RY)) (With Ty = Tmax(supp(io)))
solution of Vlasov s.t. u(0) = po, locally Lipschitz / t for the distance Wp.

We have
1) = Puq ()« o

meaning that ut,x = puq(f, X, -)xpo,x YVt € [0, To) and v-a.e. x € Q,
where t — ¢, (1, X, -) is the unique solution (Vlasov flow) of

8[‘?#0(t7 X7 ) = X[H’(t)](tv X7 ) o Qpl—bo(tv Xa )
Pug(0,X,-) =idgg forv-ae. x € Q.

Moreover, if 1p € P2°(Q x RY) then u(t) € P2°(Q x RY) for every t € [0, Tp).




Lagrangian viewpoint: mean field limit and Vlasov equation

Theorem: existence, uniqueness and stability for Vlasov

1. Y € Pe(Q x RY) 3lu € ([0, To), Pe(Q x RY)) (With Ty = Tmax(supp(io)))
solution of Vlasov s.t. u(0) = po, locally Lipschitz / t for the distance Wp.

Moreover:
1.1. For equi-compactly supported sequences:
Wo(14(0), 1(0)) = 0 = Wp(u* (1), (1)) — O.
1.2. For all solutions p', 42 on [0, T] of Vlasov having the same marginal v,
LLWo (' (1), 12 (1)) < Ce'Pee’ @ L wp(u'(0),42(0) Wt € [0, T]
2. If Gis locally Lipschitz / (x, X', £, &) then for all solutions ', 12 of Vlasov,

Wo(u' (1), 12(1) < CeltPrwree’ @ Wy(u1(0), 12(0))  VE€ [0, T]

(classical Dobrushin estimate) Lipschitz constants estimated on the supports of u', u?




Lagrangian viewpoint: mean field limit and Vlasov equation

Relation between Vlasov and the particle system: as usual with empirical measures

N
1
b any = .3 541 @ 8
i=1

with XN =(xN,... xN)eQV and =N=(cl,... eN) e RN,

Proposition

t — =N(t) with XN € QN solution of the particle system = t — HExn =gy Solution of Viasov.

(1)
Converse true if all x/¥ and all €¥(t) are distinct.

Wp (‘UFX’V,EQ])’ HO) —0asN — +oo = Wy <“(eXN’5N(t))’/‘(t)> —0as N — +oo.

(with estimates if G is locally Lipschitz with respect to (x, x’, &, £'))
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Lagrangian viewpoint: mean field limit and Vlasov equation

Sketch of proof of the theorem:
Given g € Po(Q x RY), consider a sequence of empirical measures

,ufo’ =Ny = ZJN®5§N — g as N — +oo
/1

with (XN, Z0) € (supp(uo))V, where XN = (xN, ..., xN) and =N = (¢, ..., &N

Let =N(t) = (€N(1), ..., €N()) be the solution of the particle system s.t. =N(0) = =N
It is defined on [0, T] for every T € (0, Tmax(supp(x0))). Then

'U‘(XN =N(1) Z ‘st ® 55"’
is solution on [0, T] of Vlasov Oty + Ly, u = 0, and
3K C Q x RY compact s.t. supp(,ufx,\, EN(t))) CK vte[0,T] VNeN*

Up to subsequence: uf — € L>=([0, T], M1 (Q x RY)) in weak star topology.

(XNZN())



Lagrangian viewpoint: mean field limit and Vlasov equation

By classical functional analysis arguments:

Let K c Q x RY compact, pg € Pe(K) and T > 0. Consider a sequence of solutions
' € €0([0, T], Pe(K)) of Viasov dyp" + Ly, qu = 0 such that, as k — +oo:

@ 1.X(0) converges weakly to g,
@ ¥ converges to € L*°([0, T], M'(Q x RY)) for the weak star topology.

Then p € C°([0, T], Pc(K)) andt — pu(t) is Lipschitz in W, distance and is the
solution of Viasov Ot + Ly n = 0 s.t. u(0) = po-

Moreover, Wp(u¥(t), u(t)) — 0 uniformly wrt t € [0, T].

Therefore: we conclude existence (not yet uniqueness).



Lagrangian viewpoint: mean field limit and Vlasov equation

Uniqueness follows from Gronwall type arguments using that:

— On the one part, for all ', 2 € Pe(Q x RY)

X[t x,€) — X[pP)(t, x, €)|| = G(t,x,x',&,€)d(u' (X', &) — 2 (x',€))
QxRd

< Lip(G(t, X, -, &, ) 18) Wi (u', 1?)

where S = supp(u') U supp(u?) (compact set).
And for all ', 2 € Po(Q x RY) having the same marginal v € P¢(£2) on Q,

ettt e - xpdiex o] =| [ [ 6exx €1 (€) - i @) o)

< max  Lip(G(t,x,x",&,°)s,) LL Wi (u', 1?)
x! €supp(v) X

where S, = supp(u},) U supp(p2,) (compact) and L}, Wi (u', pu?) = [o Wi (uy, 1)) du(x').



Lagrangian viewpoint: mean field limit and Vlasov equation

— On the other part:

Lemma (Propagation)

Fori=1,2, let Yi(t, ), -) be a continuous time-varying vector field on E (Banach),
depending on the parameter \ € A (Polish space), locally Lipschitz with respect to
(A, ¥) € A x E uniformly with respect to t on any compact interval, generating a flow:

atd)i(tv t07>\7y) = Yi(t7>\7¢f(t7 t07>\7}’))
' (to, to, N, y) =y VihER, y € E, X EA.

Given any ' (ty), 1% (to) € Pe(A x E), set uh = pi(t) = ®i(t, o)</ (fo). Then:

1 2 (t—10)L([to,1]) 1 2 elt=t)L([fo,1) _ 1
Wo(s" (1. 12(1) < et~ DWo(u" (1), (1)) + ML, t) = —

where L([to, t]) = maxyy<r<t Lip (Y'(7,+, ) s())>

S(t) = (supp(v") U supp(1%)) x ®'(t, o, supp(1' (1)) U supp(p2(tp))) U supp(p?(t)),

M([to, f]) = max{[|Y' (7, A, y) = Y2(m A Y)lle | o <7<t (A\y) € supp(®(7))}-




Liouville

Op +dive(Yp) =0

GAdiAE
appropriate moment w(t) = 5. Y im1 0z, ® Oy
Dirge N —too and méan field limit
embedding

p(t) = 0x ® b=y

spépiﬁc 0(0)

particle system

(= 0)

1 N

e = NZG(t’ i, 5, &, &)

i=1

specific p(0)

Vlasov

Orp + dive(X([plp) =0

embedding T

v-mqnokinetic
embedding
Blt) =|v ® by0)

ﬁrst‘—‘.\order moment
y(t, @) = [ & dpura(€)
(opinion model or

v-morokinetic case)

N
v= % 21\;1 oz, _
y(t,z;) = &(t) /

7

Euler

Oy = Aly)

gr;;};H limit N —>+oo

fz(o) = y(O, xl)






Eulerian viewpoint: Liouville equation

Recall that the particle system

N

= > Gt Xl 0), 6V M), =1, N

: 1
HOEE-D
Jj=1

is equivalently written as

=Ny = YN (1, XN, =N(1) = (Y1N(t, XN =N, v, xN,zN(t)))

with
XN =0, EN = (), N )

N
_ 1
YN X,Z) = 5 > Gt X, %, 60, )
j=1

Recall that the particle flow (®N(t, X, -))te; (I C R) is the local-in-time flow of
diffeomorphisms of RN generated by the time-dependent vector field YN(t, X, -).



Liouville

Op+divs(Yp) =0

Dirac

spé{:iﬁc 0(0)

appropriate moment

specific p(0)
()i = 1"

Op + dive(X[ulp) =0

Vlasov

ﬁrst"—\‘order moment
y(t,7) =, fro € dptea(€)
(opinion model or

v-morokinetic case)

. N %+oo
embedding S v-mdnokinetic
p(t) = 6x ® d= embedding
H(t) =|v ® dy(t.0)
- ‘\ y
icl v= % Zzil 5’”» B
particle system =
y(t,m) = &00) Fler
@=0) Oy = Aly)
. t =
£i = N G(t7 zi7$j’£i7£j) .
o1 ) -7

graph limit' N —>+oo

£i(0) = y(0, )



Eulerian viewpoint: Liouville equation

Proposition
Solutions p € €°([0, T], Pc(QN x RIV)) of the (N-body) Liouville equation
| 9rp + div=(¥p) = 0|

usual transport equation on R2) are given by pushforward under the particle flow:
p

p(t) = ®(1)p(0)

Embedding particles to Liouville

t — =N(t) solution of the particle system <t~ pN(t) = dyn ® 6=w(y) SOlUtion of Liouville.

Probabilistic interpretation: while =N(t) (particle) is deterministic, p{V(X, =) is the probability
that at time t each particle i be at (x;,&;),i=1,...,N.

Here: pN = probability on the big space (2 x RY)N.
t

75 mean field limit (u(t) = probability measure on Q x RY) in which we take the limit of the
average over all particles but one.



Recovering Vlasov from Liouville by taking marginals

Objective: search for a relationship between (t) and pN(t) by taking marginals of pV(1).
(cf Jabin 2014 and Golse Mouhot Paul 2016 in quantum mechanics)
Let g = [q to,x dv(x) € Pe(Q x RY). We take
(i) either pg’ =35n ® 558’ (Dirac) sit. M(eXNEéV) — g,

(i) or p(’)V = 5x1N Q- 5X,,VV ® “0.x1’\’ R - ® ”o,x,’\\,’ (semi-Dirac) assuming that x — g y is v-a.e. continuous for W;.

Let pN(1)3, be the k"-order marginal of the symmetrization of p"(t).

Theorem (propagation of chaos)

1. Yk e N* W (p()S, ., ()®F) =0 as N — +oo.
b N:k

2. If moreover Gis locally Lipschitz / (x, x’, &, &) and, in case (i), X — po x is Lipschitz then

Wo (p(t)Rs0 (D) < Cef““@ﬁ Vk e {1,...,N0-N/2}

with r = 1/(n + d) if Q is a n-dimensional manifold (Lipschitz constant estimated on the supports)

The proof uses some combinatorial arguments combined with Wasserstein estimates.



Liouville

A + dive(Yp) =0

\
spépiﬁc p(0) edding
appropriate moment  u(t) = 5 Y1 0z, ® ¢ p)
Dirge N S0 an field limit
embedding “

p(t) = 6x ® d=(y)

particle system
(7"1 = 0) N

ZGt xzaxjvgzvgj) .

specific p(0)
P)Fn = ()"

embedding )

Vlasov

O + dive(X[plu) =0

ﬁrst;\prder moment
?/(t7 x) :\‘ f]R" 3 d}tm(f)
(opinion model or

v-morokinetic case)

v-manokinetic
embedding
W) =y ® Oy(t.2)

v= % Z;YI ‘sz, ‘:\;\
y(t,z) = &(t) -

Euler

O = A(y)

&i(0) = y(0,2:)






From Vlasov to Euler: hydrodynamic limit

Hydrodynamic limit:  (see Spohn 1991)

Given any p = [, px dv(x) € P(Q x RY), the three macroscopic quantities that are
usually considered in the hydrodynamic limit procedure are the three first moments of
the measure p with respect to &:

@ (order 0) total mass p(x) > 0 of px:

p(x) = /Rd dux(§) = ux(Rd) =1 for v-ae. X € Q

(uninteresting here)

@ (order 1) “speed” y(x) € RY:

Py = [ €dun(®)
RA
(expectation of any random law of probability distribution ux)

@ (order 2) “temperature” T(x) > 0:

dp(x)T(x) = /Rd ll€ = y(OI1Z dpx (€)

(variance)



From Vlasov to Euler: hydrodynamic limit

Given any solution u(-) of Vlasov, we define its moment of order 1 (“speed”) by

vt = [ €dux(o)

Using the Vlasov equation, we have

Ory(t, x) = (Orptx, § — &)
= (0 Lacuel(tx,) (€ = €))

_ / X[uel(t, %, €) dpse x (€)
R

:/Rd /Qde G(t7x’xl7£’£/)dﬂt(X,,f/)du[’X(f),

(kind of “mean” mean field, since the mean field is now averaged under i x)



From Vlasov to Euler: hydrodynamic limit

Given any solution u(-) of Vlasov, we define its moment of order 1 (“speed”) by

vt = [ €dux(o)

Consequence:

Hegselmann—Krause model: linear Euler equation

When G(t, x, x’, £, &) = o(x, x")(¢' — &) we have the Euler equation

Oy (t,x) = Ay(t, x) = /QU(X,X')(}’(L x') = y(t,x)) dv(x')

Proof:
81}/(17)():/ dﬂt,x(f)/ U(val)/ ¢ dNt,x’(gl) dv(x")
R4 Q RY
R — N e
=i =y(t,x’)

— [ €anes(© [ atex) [ dus(e) v
— —

=y(t,x) =i



From Vlasov to Euler: hydrodynamic limit

Given any solution u(-) of Vlasov, we define its moment of order 1 (“speed”) by

vt = [ €dux(o)

In the general case, no closed equation (hierarchy of coupled moments).

Given v, we define the v-monokinetic measure

My =V ® 0y

Monokinetic case

e u(t) = pyy ) € Po(Q x RY) is solution of Vlasov

&t y(t,-) € L°(Q,RY) is solution of the (nonlinear) Euler equation

aty(t7x) :A(t,y(t,X)) :[)G(t,X,X/,y(t,X),y(t,X/)) dl/(X/)

Indeed, when ju; = ), .. we have X[uf](t, X, ) = [q G(t, x, x', €, y(t, x")) dv(x").



Liouville

Op+divs(Yp) =0

spépiﬁc p(0)
appropriate moment
Dirac A
embedding
o(t) =dx® 55(1)

N =400

specific p(0)

embedding N

15N =
) v=y2ials
particle system
, y(t, ) = &(2)
(Ii = 0) N
ZGt 11733]7{175]) R
. L

&i(0) = y(0,z;)

O + dive(X[ulp) =0

Vlasov

ﬁrst\—\_\order moment
= fa € dpie(6)
(opinion model or

v-moriokinetic case)

y(t, @)
v-mgnokinetic
embedding
() =|v ® by
Euler
O = A(y)




From Vlasov to Euler: hydrodynamic limit

Moment of order 2 (“temperature”):

1
Tt =g [ le=MtoF dus(e) Vxen

Assume that || - || is Euclidean.

1 2
NT(1,%) = 2 (Dhpaes & = 1€ = Y(E20IP) = 5 (st (6 = Y(1.3), 00y (8.X)) )

=0

- %<ur,x,£ = (€= V(6 X), Xl (%))

= S /R (€ = y(t, x), X[pe](t, X, €))ga duitx(€)



From Vlasov to Euler: hydrodynamic limit

Moment of order 2 (“temperature”):

1
Tt =g [ le=MtoF dus(e) Vxen

Assume that || - || is Euclidean.

OT(tx) = 5 [ (€= (820, X1, X, €) o i o(6)

In the Hegselmann—Krause model, setting S(x) = [, o(x, x") dv(x’):

X[Mf](t,x,f) = /(L/Rd o'()(7 X’)(&’ _E) dut,x’(fl) dV(X’)
= _/Q/Rd o(x, x")(& — y(t,x)) d#t,x'(ﬁl) dv(x")
* /g /Rd a (X, x")(&" = y(t,x)) dug v (€7) dv(x')

= —-S(x) /Rd(§ — y(t,x)) due x (€') + F(t,x) not depending on £

Hence:



From Vlasov to Euler: hydrodynamic limit

Moment of order 2 (“temperature”):

1
Tt =g [ le=MtoF dus(e) Vxen

Assume that || - || is Euclidean.

Hegselmann—Krause model

In the Hegselmann—Krause model G(t, x, x’, £, &) = o(x, x")(¢' — &) we have

‘BtT(t,x):fZS(x)T(t,x)‘ where  S(x) = / o(x, x") dv(x)
Q

Hence t — T(t,x) = T(0, x)e—2!5(*) decreases exponentially to 0 as t — oo
for v-almost every x € Q such that S(x) > 0.

Actually: same result for all moments of order > 2.

= slight generalization of [Boudin Salvarani Trélat, SIMA 2022] (convergence to consensus).

In general: open problem of how to close the coupled moment equations.



Summary: relationships between

(microscopic) system,
(mesoscopic, mean field) equation,

(probabilistic) equation,

specific p(0)

(macroscopic, graph limit) eq.

PO — p()*"
Liowville | No 4o Vlasov
dp+dive(Yp) =0 Oypr + dive(X[ulp) =0
spépiﬁc p(0) edding
appropriat“e moment u(t) = i1 0z, ® O¢1) ﬁrst%\order moment
Dir; C N —\b\‘ﬂj—oo an field limit y(t,7) = e € dpaea(€)
embedding ™ v-mdnokinetic (opini;on model or
Pt) = 0 ® b= embedding I/fmou"okinetic case)
u(t) =|v ® dy1) /
embedding \ 14
1N =
particle system e RZEL =
o, yta) =60 Buler
T =
Ay = Aly)
&= NZG (t, 275,86, 8) |
- -

&(0) =y (0, z:)



A surprising consequence:
finite particle approximation of quasilinear PDEs



Particle approximation of any linear PDE: main idea

with A : D(A) — L2(Q) generating a Cp-semigroup. Two steps:

@ Approximate A with a bounded operator A, given by (A:f)(x) = Jo oe(x, x")f(x") dx’
(e.g.: Yosida approximation, or convolution), so that

OtYe = Acye, ¥e(0)=y(0) = [ly(t) = ye(B)llLc = O(e)

N
1
@ Particle approximation: / oe (X, X' )F(X') dx" =~ N > o=(x, x)f(x) leading to the
0 .
J=1

N
: 1
particle system: | &;(t) = N Z o (XN, X/N) ij(t) — 2 parameters € — 0 and N — +oco
J=1

s
12 Inln N

N
The estimates of the previous results lead to Hy(t, )= e ILQ/N(-)
i—1



Particle approximations of PDEs

Assumptions:

(Oy) Either Q C R" compact Lipschitz domain, d, Euclidean distance, v Lebesgue;

(O2) or Q2 smooth compact Riemannian manifold of dimension n,
dn Riemannian distance, v is the canonical Riemannian measure;

and moreover assume that v(Q2) = 1.

General quasilinear PDE: pEN*, a, e L®RxQ xR,

ay(tx)= Y aalt, X y(t,x)) D*y(t,x) = Alt,y(t, X)) y(t,x) | (PDE)

la|<p

with arbitrary conditions at the boundary of Q in case (O ), assumed to be well-posed
(semi-group, or evolution system).

Objective: design finite particle systems approximating the solutions of (PDE).



Particle approximations of PDEs

Idea: if G(t, x, x,£,&") = o(x, x")¢’ then
X[pl(x) = AU(X,X')Y(X/) dv(x") = (Ay)(x)

= (Hilbert-Schmidt) operator A of kernel o wrt v, and Euler equation d;y = Ay.



Particle approximations of PDEs

Idea: if G(t, x, x,£,&") = o(x, x")¢’ then
X[pl(x) = AU(X,X')Y(X/) dv(x") = (Ay)(x)

= (Hilbert-Schmidt) operator A of kernel o wrt v, and Euler equation d;y = Ay.

Reminder: Schwartz kernel theorem

Any linear operator A : D(Q2) — D’(Q2) has a distributional Schwartz kernel [A]:

(AN(X) = ([A(X, ). s = /Q[A](x,x/)f(x/) VFED(Q) VxeQ

Example: Q =R, A=0x, [Al(x,y)=-8(x—y)

~ ldea: approximate the Schwartz kernel with a smooth function o..



Particle approximations of PDEs

Take any quasilinear operator
ALY = [ 1AL x X, Oyx)

of Schwartz kernel [A](t, -, -, &).
One can design smooth functions o approximating [A], and set

Ge(t, x,x',£,&') = ae(t, x,x',€) ¢’ and Ag(t,f)(x):/GE(t,x,x’,f(x),f(x/))dx’
Q

=> classical Euler equation

0e(t.X) = [ oot XX ye(t )Ye(t, X)) O
Q

and particle system

() = NZUE(t, Mo el e, i=1,.. N




Particle approximations of PDEs

Theorem
Let T > 0. Assume that:

@ a, ¢ W'->°(Q) and that A generates a semigroup (or evolution system);

@ yc L'(]o, T], WPt°(Q,RY)) is a solution of (PDE) s.t. y(0,-) € Lip(Q2, RY).

Ve € (0,1], VN € N*, consider the solution of the particle system
Ni(t) = Zas toY X e (0) €0, €N i(0) = y(0,xY).

Then, there exists C > 0 suchthat VN € N* Ve € (0,1] Vte€ [0, T]

< o+ e (om0 (73))
LZ(Q,Rd)\ N1/n en+p+1 R entp )

M 1gn() — y(t)

——
particles Euler




Particle approximations of PDEs

Proof in the linear case:

Assume that A : D(A) — L2(,R?) generates a Cy semigroup and that
Q 6|2y <MePt  Vt>0  Vee(0,1]

® |[(A: = Ayllz Sellyllwertce Yy € WPTL(Q,RY) Ve € (0,1]

~

® focle S o and  Lip(oe) S et

First step: convergence of y. towards y. By the Duhamel formula:

t
yo(t) = y(t) = /O el (A — Ayy(r) dr
hence

dr

L2

t
1) = y(le < [ e (A = Ap(r)

t
< / MePt=7)||(A. — A)y(r)| 2 dr
0

S ellyllrgo,m,wert0y S € vte [0, T]



Particle approximations of PDEs

Proof in the linear case:

Assume that A : D(A) — L2(,R?) generates a Cy semigroup and that
Q 6|2y <MePt  Vt>0  Vee(0,1]

® |[(A: = Ayllz Sellyllwertce Yy € WPTL(Q,RY) Ve € (0,1]

1 : 1
Q |oclle S 7p and  Lip(o:) S prr

Second step: particle approximation. By Gronwall:
max (||52’(t)||oo, \|y5(t)||Lw(nde)) < 171 ]
By graph limit approximation:

2C
HZgg (0 1w () = ye ()| axe) < im (1 L) e

with L. = WM exp <sn+p> (Lipschitz constant on the supports).



Particle approximations of PDEs

Proof in the linear case:

Assume that A : D(A) — L2(,R?) generates a Cy semigroup and that
Q 6|2y <MePt  Vt>0  Vee(0,1]

® |[(A: = Ayllz Sellyllwertce Yy € WPTL(Q,RY) Ve € (0,1]

~

1 : 1
Q |oclle S 7p and  Lip(o:) S prr

Conclusion: Up to some constant, by the triangular inequality:

HZ&E,(MQN() ) \HZ;,u 1n() = ¥t ..

< lye(t ) = y(t Moo + | zstgN,,-u)nQiNc) —ye(t,) ..
i=1

1 C (o}
r N/ exp e exp s



Particle approximations of PDEs

Proof in the linear case:

Assume that A : D(A) — L2(,R?) generates a Cy semigroup and that
Q 6|2y <MePt  Vt>0  Vee(0,1]

® |[(A: = Ayllz Sellyllwertce Yy € WPTL(Q,RY) Ve € (0,1]

~

® focle S o and  Lip(oe) S et

Explicit example of construction of o.:  (for A=Y anD%)
Let n € €£°(R") nonnegative symmetric s.t. [, n(x) dx = 1 and let n-(x) = 5 (¥).
Define

og(x,x’):/ﬂng(x—z) S aa(2)(Dn)(z — XY dz

le|<p
(double convolution restricted to Q) so that

Act =11c %0 Alne 2 f) = (n: % (A(n: * (F10))19) )

Crucial fact: Like the operator A — 3 id, the operator A. — 3 id is m-dissipative on LZ(Q, Rd) because

((Ac = BiOY, 12y = (e *a (A= Bid)(ne *a N, 1) 2 = (A= Bid)(ne *a 1), 7c *a )2 <0



Particle approximations of PDEs

Proof in the quasilinear case:

Assume that ¥z € L2(Q,RY), A(t,z) : D(A) — L3(Q,RY) generates an evolution
system U(t, s, z) and that

Q ||Us(t,5,2)ll 2y S MEPU=9)  Vt>s>0 Vee(0,1]
Q |[(Ac(t,2) — At 2)Yll2 Sellyllwee Wy € WPH2(Q,RY) Ve € (0,1]
@ ||[(Ac(t,z1) = Ac(t, 22))Ylli2 S 121 = Zell 2l lwestioo V2,21, 20 € L2(Q,RY)

1 g 1
@ |jocllie S 5 and  Lip(oe) S oprr

Quasilinear theory: Kato 1975 (short version in Pazy, Section 6.4), examples:
— Burgers
— KdVv
— quasilinear symmetric hyperbolic systems
— Euler and Navier Stokes (incompressible) in R®
— coupled Maxwell-Dirac
— quasilinear waves
— magnetohydrodynamics (including compressible fluids)
— etc.



Particle approximations of PDEs

Proof in the quasilinear case:

Assume that ¥z € L2(Q,RY), A(t,z) : D(A) — L3(Q,RY) generates an evolution
system U(t, s, z) and that

Q ||U:(t;s,2)ll 2y SMeP=9)  Vi>s>0 Vee(0,1]
Q |[(Ac(t,2) — At 2)Yll2 Sellyllwee Wy € WPH2(Q,RY) Ve € (0,1]
@ ||[(Ac(t,z1) = Ac(t, 22))Ylli2 S 121 = Zell 2l lwestioo V2,21, 20 € L2(Q,RY)

Q ol S % and  Lip(oe) S ey

The only difference is in Step 1:
O1(Ye—y) = Ac(Ye)Ve —A(Y)Y = Ac(¥e) (Ve —¥) +(Ac(ye) =A< ()Y + (A () = AlY))y

hence (Duhamel)

t
Yo(D=Y(0) = [ Un(t,.52(5)) ((A=ly= () -A- M+ (A= (3 ~AW () (s) ) s

thus
Gronwall
lye(®) = y(D)ll2 < / ly=(s) = y(Sleds+e "= lye(t) —y(Dll2 Se



Particle approximations of PDEs

Proof in the quasilinear case:

Assume that ¥z € L2(Q,RY), A(t,z) : D(A) — L3(Q,RY) generates an evolution
system U(t, s, z) and that

Q ||U:(t;s,2)ll 2y SMeP=9)  Vi>s>0 Vee(0,1]
Q |[(Ac(t,2) — At 2)Yll2 Sellyllwee Wy € WPH2(Q,RY) Ve € (0,1]
@ ||[(Ac(t,z1) = Ac(t, 22))Ylli2 S 121 = Zell 2l lwestioo V2,21, 20 € L2(Q,RY)

Q |oclle S gn1+p and Lip(oe) S g”‘:T

Explicit example of construction of o.:  (for A(t, &) = > aa(t, X, £)D%)

oe(t,x,x’,g):/ﬂns(xfz) 3 aal(t,2,€)(Dn)(z — x') dz

|| <p

(double convolution restricted to Q) so that A. (¢, £)f = ne xq A(t, ) (ne *q f)

cofer N an( C oo(C
LQ(Q,Rd)\ & Ni7n EP\ Carprt SP A\ o ’

All'in all, we have obtained

>

N
>oeliign() - y(t,)
i=1

N——
particles Euler




Particle approximations of PDEs

1 Cc C
N1/ €XP <5"+P+1 exp <a"+P>) — 0.

To take limits N — +o0o0 and € — 0, we must choose

C \wp
i Inln N

Optimizing leads to

and then
dl 1
Cc o
Dot ign() — y(t-) < ( )
i=1 ! [2(Q,RY) IniIn N
N——
particles Euler

Similar estimates have been obtained by:
— Bodineau Gallagher Saint-Raymond (linear Boltzmann to heat by hydrodynamic limit)
— Slepcev (Legons Jacques-Louis Lions, 2021) for heat-like equations.

Here, we have a particle approximation for arbitrary (well-posed) quasilinear PDEs.



What does this result mean?

In statistical physics:  of volume 1 contains
N~ 6.10%
particles (Avogadro number). But InIn N ~ 4 !l Note that
logqq logo 1010 = 1...

Actually W is a kind of physical barrier.



@ Understand what the latter result implies.

@ Investigate under which (physical?) assumptions the estimates can be improved, and
investigate numerical consequences.

@ |Investigate more general nonlinear PDEs.

@ How to close the hierarchy of equations for coupled moments? (BBGKY-like hierarchy)
Maybe, introduce a small parameter .

@ Consider particle dynamics with “triplewise” interactions:

N

and their various limits.

@ Add some controls to all equations, and show how to perform the various passages to
the limit, also in the control strategies.



