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Preliminaries

Setting: X is the collection of invertible measure-preserving

transformations on a standard non-atomic probability space.

E ⊂X consists of the ergodic elements of X .

Isomorphism Problem: Classify elements of E up to isomorphism.

Classical Positive Results:

• Halmos - von Neumann classi�cation of transformations with

pure point spectrum (1942)

• Ornstein's classi�cation of Bernoulli shifts by their entropy (1970)



Anticlassification results

• Feldman (1974) observed that there is no Borel measurable

function ϕ : E → R such that T ∼= S⇐⇒ ϕ(T ) = ϕ(S). (This uses
the uncountable family of non-isomorphic K but not Bernoulli

transformations constructed by Ornstein-Shields (1973).)

• Foreman-Rudolph-Weiss (2011) showed that

{(T ,S) ∈ E ×E : T ∼= S} is a complete analytic set, and hence not

Borel.



Kakutani Equivalence and
Even Kakutani Equivalence

Definition
T ,S ∈ E are Kakutani equivalent (KE) if the following equivalent

conditions hold:

1. T and S are isomorphic to measurable cross-sections of the

same ergodic �ow.

2. There exist sets A,B of positive measure such that the

�rst-return maps TA and SB are isomorphic.

3. There exist integrable positive integer-valued functions f and

g such that T f is isomorphic to Sg .



Definition
T ,S ∈ E are evenly Kakutani equivalent (eKE) if there exist sets

A,B of equal positive measure such that TA and SB are isomorphic.

Remark. Feldman's observation applies to Kakutani equivalence as

well: There is no Borel function ϕ : E → R such that T and S are

Kakutani equivalent if and only if ϕ(T ) = ϕ(S). (This uses the
uncountable family of non-Kakutani equivalent transformations of

Ornstein-Rudolph-Weiss (1982).)



Main Result (G-Kunde)
Let T rees denote the collection of countable rooted trees with

arbitrarily long branches. There exists a continuous function

Ψ : T rees → E such that for T ∈T rees we have:

T has an in�nite branch =⇒ Ψ(T ) and Ψ(T )−1 are isomorphic

=⇒ Ψ(T ) and Ψ(T )−1 are KE,

and conversely,

Ψ(T ) and Ψ(T )−1are KE =⇒ T has an in�nite branch.

Corollary
If R = {(T ,S) ∈ E ×E : T and S are Kakutani equivalent}, then
R is a complete analytic set. In particular, R is not Borel.

Moreover, these conclusions hold for Kakutani equivalence replaced

by isomorphism or any equivalence relation between Kakutani

equivalence and isomorphism. For instance, they hold for even

Kakutani equivalence.



Ideas of proof

• Proof that T has an in�nite branch =⇒ Ψ(T ) and Ψ(T )−1

are isomorphic

is the same as in Foreman-Rudolph-Weiss.

• Proof that T does not have an in�nite branch =⇒ Ψ(T ) and

Ψ(T )−1 are not Kakutani equivalent consists of two steps:

1. Show that Ψ(T ) and Ψ(T )−1 are not evenly Kakutani

equivalent.

2. Show that (Ψ(T ))f is not isomorphic to Ψ(T ) for any

non-trivial (that is, not a.e. equal to 1) roof function f . By
Ornstein-Rudolph-Weiss, if S f is not isomorphic to S for any

non-trivial f , then the only possible Kakutani equivalence

between S and S−1 is an even Kakutani equivalence.



Main tool in the construction of Ψ : T rees → E

Feldman patterns (used by Feldman (1975) to give the �rst

example of a zero-entropy transformation that is not Kakutani

equivalent to an irrational rotation):

abababab

aabbaabb

aaaabbbb

Here the f distance between strings is bounded away from 0.



More generally:
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If, for i 6= j , substantial substrings of Ai and Aj are bounded apart

in f , say f ≥ α > 0, then, for k 6= `, substantial substrings of Bk

and B` are bounded apart in f ≥ α− ε.



If we have a �nite code de�ned on strings of symbols that has a

smaller length than the Ai 's then we can recognize which of the

Bj 's is being coded.

a1 · · ·am−k · · ·am · · ·am+k︸ ︷︷ ︸ · · ·an
↓ code

bm



Results in the C∞ and Cω categories

Consider the isomorphism problem or the Kakutani equivalence

problem restricted to smooth di�eomorphisms, say of T2, that
preserve Lebesgue measure.

• Foreman-Weiss showed that the isomorphism relation is

complete analytic and hence not Borel.

• Banerjee-Kunde proved this in the Cω case.

• G-Kunde obtained these results for the C∞ and Cω cases with

isomorphism replaced by Kakutani equivalence.


