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Half-translation surfaces

A half-translation surface is a (finite collection of) polygon(s) whose
sides are identified in pairs by translations and/or half-turns.
They are stratified by the number of extra half-turns at the vertices
(and possibly some other marked points). We denote the set of
vertices and marked points by Σ.
The slope of a line segment is well-defined, but its orientation is not.
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Teichmüller flow

The Teichmüller flow is defined on the space of half-translation
surfaces by stretching the horizontal direction and contracting the
vertical direction by the same factor (exponentially fast).
From the point of view of Riemann surfaces, it can be regarded as the
“most conformal” way to transform a Riemann surface into another
nonbiholomorphic one.
Dynamically, it behaves very richly and it is the central object of the
theory of Teichmüller dynamics.

(
et 0
0 e−t

)1

2 3

4

1

23

4

1

2 3

4

1

23

4

3 / 10



Veering triangulations

A topological veering triangulation on a surface S is a collection of
arcs on S such that:

I cutting along them results in a collection of triangles;
I all endpoints belong to Σ;
I edges are colored with either red or blue; and
I there are no monochromatic triangles.

A geometric veering triangulation on a half-translation surface is a
topological veering triangulation whose edges have well-defined widths
and heights (induced by the half-translation surface). Moreover, we
require that red edges have positive slopes, and blue edges have
negative slopes (we do not allow horizontal or vertical edges).
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An example

∠ = 4π, ∠ = 4π, ∠ = 3π, ∠ = 2π, ∠ = π
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Flips

An interesting combinatorial operation on a veering triangulation is
flipping an edge. Not all flips result in another veering triangulation.

Flip produces
monochromatic
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Good flips

The only flips that respect the combinatorial meaning of the colors
and preserve veeringness are these two:

Forward �ip

Backward �ip

Flipping an edge forward reduces its width and increases its height.
Flipping an edge backward reduces its height and increases its width.
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Coding

A geometric veering triangulation is said to be balanced if:
I every forward-flippable edge e has width xe ≤ 1; and
I every backward-flippable edge f has width x(−1)

f ≥ 1 after it is flipped
backwards.

This definition gives a simple coding for the Teichmüller flow: wait
until a forward-flippable edge has width 1 and flip it forward to reduce
its width.
We only record widths and ignore heights since we do not want a
well-defined “past”: the absence of height data means that the original
color of a flipped edge cannot be reconstructed. This is good for
dynamical properties.

Flow Flip
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Results

Balanced veering triangulations are “canonical”: for each
half-translation surface, there is a unique geometric veering
triangulation that turns out to be balanced.
The distortion of the coding can be controlled, meaning that the
matrices relating widths after a long flip sequence have columns of
comparable norms with a definite (positive) probability.
By considering suitable flip sequences with bounded distortion as
letters, these properties should allow us to build a full shift (on a
countable alphabet) that is measurably conjugate to the first-return
map of the Teichmüller flow on a specific transversal. Intuitively, this
means that we can transfer properties of the coding to the actual
Teichmüller flow.
The coding by veering triangulations is much more flexible than the
classical combinatorial schemes, so we expect it to become a useful
tool in the theory.
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Thank you!
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